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AEROELASTIC ANALYSIS FOR ROTORCRAFT 

I N  FLIGHT OR I N  A WIND TUNNEL 

Wayne Johnson 

Ames Research Center ,  NASA 
and 

Ames D i r e c t o r a t e ,  UShIMRDL 

SUMMARY 

An a n a l y t i c a l  model i s  developed f o r  t h e  a e r o e l a s t i c  behavior  of a r o t o r -  
c r a f t  i n  f l i g h t  o r  i n  a wind tunnel .  A u n i f i e d  development i s  p resen ted  f o r  a 
wide class of r o t o r s ,  h e l i c o p t e r s ,  and o p e r a t i n g  cond i t ions .  The equa t ions  of 
motion f o r  t h e  r o t o r  are de r ived  using an i n t e g r a l  Newtonian method, which 
g ives  cons ide rab le  p h y s i c a l  i n s i g h t  i n t o  t h e  b l a d e  i n e r t i a l  and aerodynamic 
f o r c e s .  The r o t o r  model i n c l u d e s  coupled f l a p - l a g  bending and b l ade  t o r s i o n  
degrees  of freedom, and i s  a p p l i c a b l e  t o  a r t i c u l a t e d ,  h i n g e l e s s ,  gimballed,  
and t e e t e r i n g  r o t o r s  w i th  an a r b i t r a r y  number of b l ades .  
model i s  v a l i d  f o r  both high and low in f low,  and f o r  a x i a l  and nonax ia l  f l i g h t .  
The r o t o r  r o t a t i o n a l  speed dynamics, i nc lud ing  engine i n e r t i a  and damping, and 
t h e  p e r t u r b a t i o n  inf low dynamics are included.  For a r o t o r  on a wind-tunnel 
s u p p o r t ,  a normal mode r e p r e s e n t a t i o n  of t h e  t es t  module, s t r u t ,  and balance 
system i s  used. The a e r o e l a s t i c  a n a l y s i s  f o r  t h e  r o t o r c r a f t  i n  f l i g h t  i s  
a p p l i c a b l e  t o  a g e n e r a l  two-rotor a i r c r a f t ,  i nc lud ing  s i n g l e  main-rotor and 
tandem h e l i c o p t e r  c o n f i g u r a t i o n s ,  and side-by-side o r  t i l t i n g  p ropro to r  a i r -  
c r a f t  c o n f i g u r a t i o n s .  An a r b i t r a r y  unacce le ra t ing  f l i g h t  s t a t e  i s  cons ide red ,  
w i t h  t h e  a i r c r a f t  motion r ep resen ted  by t h e  s i x  r i g i d  body degrees  of freedom 
and t h e  e l a s t i c  f r e e  v i b r a t i o n  modes of t h e  a i r f r ame .  The r o t o r  model 
i n c l u d e s  r o t o r - r o t o r  aerodynamic i n t e r f e r e n c e  and ground e f f e c t .  The a i r c r a f t  
model i n c l u d e s  r o t o r - f u s e l a g e - t a i l  aerodynamic i n t e r f e r e n c e ,  a t r ansmiss ion  
and engine dynamics model, and t h e  p i l o t ' s  c o n t r o l s .  A c o n s t a n t - c o e f f i c i e n t  
approximation f o r  nonaxial  f low and a q u a s i s t a t i c  approximation f o r  the l o w -  
frequency dynamics are a l s o  desc r ibed .  The coupled r o t o r c r a f t  o r  r o t o r  and 
support  dynamics are descr ibed by a set of l i n e a r  d i f f e r e n t i a l  equa t ions ,  from 
which t h e  s t a b i l i t y  and a e r o e l a s t i c  response may be determined. 

The aerodynamic 

1 .0  INTRODUCTION 

The t e s t i n g  of r o t o r c r a f t  i n  f l i g h t  o r  i n  a wind t u n n e l  r e q u i r e s  a con- 
s i d e r a t i o n  of t h e  coupled a e r o e l a s t i c  s t a b i l i t y  of t h e  r o t o r  and a i r f r a m e ,  o r  
t h e  r o t o r  and support  system. Even when t h e  primary purpose of t h e  t es t  i s  t o  
measure t h e  r o t o r  performance, experience shows t h a t  t h e  ques t ion  of dynamic 
s t a b i l i t y  may be ignored only a t  t h e  r i s k  of c a t a s t r o p h i c  f a i l u r e  of t h e  a i r -  
c r a f t .  Moreover, i n  t h e  development of advanced r o t o r  systems, t h e  measure- 
ment and v e r i f i c a t i o n  of t h e  dynamic s t a b i l i t y  are themselves major goa l s  of 
t h e  tes t .  Thus i t  is  most d e s i r a b l e  t o  have an  a n a l y t i c a l  model of t h e  



r o t o r c r a f t  o r  r o t o r  and suppor t  dynamics, bo th  f o r  p r e t e s t  p r e d i c t i o n s  and 
p o s t t e s t  ' eor reya t ions .  SUCH a modkl i s  - a l s b  ' appl icable  i n  i n v e s t i k a t i o n s  of 
i s o r a t e d  ro'tof a e r o d a s ' t f c i t y  o r  h e l i c o p t e r  f l ' ight  dynamiks. 
a n a l y t i c a l  model f o r  t h e  r o t o r c 2 a f t  i s  f equ i r ed  as , t he  b a s i s  f o r  'more exten-  
s ive  i n v e s t i g a t l a a S  af t h e  a e r o e I a s t i c  behavio'r ,  such as a*utomatic c o n t r o l  
system des ign .  The pr inc ip 'a l  l i m i t a t i o n  of'  .tde ana lyses  a v a i I a b l e  i n  t h e  
l i t e r a t u r e  is  t h a t  they  are n o t  a p p l i c a b l e  t o  a wide c lass  of r o t o r c r a f t .  
Typ ica l ly ,  a e r o e l a s t i c  s t a b i l i t y  ana lyses  have been developed i n  response  t o  a 
concern wi th  some s p e c i f i c  dynamic problem, and thus  are s u i t a b l e  only  f o r  a 
p a r t i c u l a r  t ype  of  r o t o r  o r  a l i m i t e d  range of a p e r a t i n g  condi t ions .  Often 
t h e  model does n o t  i nc lude  t h e  e n t i r e  a i r c r a f t  o r  does n o t  cons ider  t h e  r o t o r  
s h a f t  motion a t  a l l .  Th i s  r e p o r t  p r e s e n t s  t h e  u n i f i e d  development of an 
a e r o e l a s t i c  a n a l y s i s  f o r  a wide class of  r o t o r s  and r o t o r c r a f t .  
documentation of t h e  a n a l y t i c a l  model i s  r equ i r ed  t o  i n t e r p r e t  t h e  r e s u l t s  of 
p a s t  and f u t u r e  i n v e s t i g a t i o n s  of  r o t o r c r a f t  dynamic behavior  u s ing  t h i s  
model. 

Furthermore , an  

A thorough 

The use fu lness  of  an a n a l y s i s  depends on i t s  a b i l i t y  t o  handle  a l a r g e  
class of  problems; t h e r e f o r e ,  t h e  scope of  t h e  a e r o e l a s t i c  model developed 
h e r e  i s  kep t  as wide as p o s s i b l e .  The r o t o r  model i s  a p p l i c a b l e  t o  a r t i c u -  
l a t e d ,  h i n g e l e s s ,  gimbal led,  and t e e t e r i n g  r o t o r s  wi th  an a r b i t r a r y  number of 
b l ades  ( inc lud ing  two-bladed r o t o r s ) .  T h i s  g e n e r a l i t y  i s  accomplished by 
us ing  a modal r e p r e s e n t a t i o n  f o r  t h e  b l a d e  coupled f l a p  and l a g  motion, w i t h  a 
gimbal o r  teeter h inge  inc luded  i n  t h e  hub from t h e  beginning of t h e  a n a l y s i s .  
Then a n  a r t i c u l a t e d  o r  h i n g e l e s s  r o t o r  may be  modeled by dropping t h e  gimbal 
degrees  of  freedom and us ing  t h e  modes of  a hinged o r  c a n t i l e v e r  b l ade ,  
r e s p e c t i v e l y .  For a gimballed (o r  t e e t e r i n g )  r o t o r ,  t h e  gimbal deg rees  of 
freedom are r e t a i n e d ,  w i t h  c a n t i l e v e r  modes f o r  t h e  b l ade  bending motion. 
The d e s c r i p t i o n  of t h e  b l ade  motion inc ludes  r i g i d  p i t c h  d e f l e c t i o n  due t o  
control-system f l e x i b i l i t y  and e l a s t i c  t o r s i o n  modes. The r o t o r  model a l s o  
inc ludes  t h e  r o t a t i o n a l  speed dynamics (with t h e  e f f e c t s  of engine i n e r t i a  and 
damping) and p e r t u r b a t i o n  inf low dynamics t o  account  f o r  t h e  unsteady aero-  
dynamics of t h e  r o t o r .  

The a e r o e l a s t i c  a n a l y s i s  of t h e  r o t o r c r a f t  i n  f l i g h t  i s  a p p l i c a b l e  t o  a 
g e n e r a l  two-rotor a i r c r a f t ,  i nc lud ing  s i n g l e  main-rotor and tandem h e l i c o p t e r  
c o n f i g u r a t i o n s  and side-by-side o r  t i l t i n g  p ropro to r  a i r c r a f t  conf igu ra t ions .  
An a r b i t r a r y ,  unacce lera ted  equ i l ib r ium f l i g h t  s ta te  i s  cons idered ,  w i t h  t h e  
a i r c r a f t  motion r ep resen ted  by t h e  s i x  r i g i d  body degrees  of freedom and t h e  
e l a s t i c  f r e e  v i b r a t i o n  modes of t h e  a i r f r ame .  The r o t o r  model f o r  t h e  air-  
c r a f t  i n  f l i g h t  i nc ludes  ro to r - ro to r  aerodynamic i n t e r f e r e n c e  and ground 
e f f e c t .  The a i r c r a f t  model i n c l u d e s  r o t o r - f u s e l a g e - t a i l  aerodynamic in te r -  
f e rence ,  a t r ansmiss ion  and engine  dynamics model, and t h e  p i l o t ' s  c o n t r o l s .  

I n  p a r t  I, t h e  r o t o r  model i s  de r ived  and a l s o  t h e  model f o r  t h e  coupled 
r o t o r  and wind-tunnel suppor t  dynamics. The equa t ions  of motion f o r  t h e  r o t o r  
are developed us ing  an  i n t e g r a l  Newtonian method r a t h e r  than  t h e  more common 
Lagrangian o r  d i f f e r e n t i a l  Newtonian methods. The i n t e g r a l  Newtonian approach 
a l lows  g r e a t e r  u s e  of engineer ing  exper ience  i n  d e r i v i n g  t h e  equa t ions  and 
p rov ides  cons ide rab le  phys i ca l  i n s i g h t  i n t o  t h e  i n e r t i a l  and aerodynamic 
f o r c e s  of t h e  r o t o r  b lade .  By in t roduc ing  a v e c t o r  r e p r e s e n t a t i o n  of t h e  
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coupled f l a p l l a g  bending displacement ,  a very campact form is obtained f o r  
the  b l a d e  bending equat ions  of motion. 
f o r  t h e  r o t o r  c r a f t  i n  f l i g h t  is der ived .  The coupled r o t o r c r a f t  o r  r o t o r  and 
support  dynamics are descr ibed  by a set of l i n e a r  d i f f e r e n t i a l  equat ions ,  from 
which t h e  s t a b i l i t y  and a e r o e l a s t i c  response may b e  determined. 

In  p a r t  11, t h e  a e r o e l a s t i c  a n a l y s i s  
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PART I. AEROELASTIC ANALYSIS FOR A ROTOR I N  A W I N D  TUNNEL 

The development of t h e  a e r o e l a s t i c  a n a l y s i s  f o r  a h e l i c o p t e r  r o t o r  and a 
wind-tunnel support  ( f i g .  1) begins  w i t h  a c o n s i d e r a t i o n  of t h e  r o t o r  model i n  
s e c t i o n  2. The s t r u c t u r a l ,  i n e r t i a l ,  and aerodynamic f o r c e s  on t h e  b l ade  are 
der ived,  followed by a c o n s i d e r a t i o n  of t h e  engine dynamics and t h e  r o t o r  
inflow model. Then t h e  equa t ions  of motion f o r  t h e  r o t o r  are p resen ted  f o r  a 
three-bladed r o t o r .  Sec t ion  3 d i s c u s s e s  f u r t h e r  some d e t a i l s  of t h e  r o t o r  
model; s e c t i o n  4 extends t h e  a n a l y s i s  t o  an  a r b i t r a r y  number of b l ades .  I n  
s e c t i o n  5 ,  t h e  support  equa t ions  of motion are presented.  F i n a l l y ,  i n  sec- 
t i o n  6 ,  t h e  r o t o r  and support  equa t ions  are combined t o  c o n s t r u c t  t h e  equa- 
t i o n s  of motion f o r  t h e  coupled system. Note t h a t ,  a l though t h e  a n a l y s i s  
begins  w i t h  dimensional q u a n t i t i e s ,  i n  t h e  f i n a l  equa t ions  a l l  parameters  are 
dimensionless ,  based on a i r  d e n s i t y  p ,  r o t o r  r o t a t i o n a l  speed R ,  and r o t o r  
r a d i u s  R. 

2. ROTOR MODEL 

This  s e c t i o n  develops t h e  a e r o e l a s t i c  a n a l y s i s  of t h e  h e l i c o p t e r  r o t o r .  
The r o t o r  motion i s  rep resen ted  by t h e  fol lowing degrees  of freedom: 
f l a p  and l a g  bending modes, r i g i d  p i t c h  motion (due t o  control-system f l e x i -  
b i l i t y ) ,  b l a d e  e l a s t i c  t o r s i o n  modes, r o t o r  r o t a t i o n a l  speed p e r t u r b a t i o n ,  and 
gimbal1 o r  t e e t e r i n g  hinge motion (when r e q u i r e d ) .  The s i x  components of t h e  
r o t o r  s h a f t  l i n e a r  and angu la r  motion are inc luded ,  as w e l l  as t h e  r o t o r  b l a d e  
p i t c h  c o n t r o l .  Three components of aerodynamic g u s t s  are included as e x t e r n a l  
d i s t u r b a n c e s .  The r o t o r  hub and r o o t  r e p r e s e n t a t i o n  inc ludes :  precone, droop, 
and sweep; p i t c h  b e a r i n g  r a d i a l  o f f s e t ;  f e a t h e r i n g  a x i s  droop and sweep; and 
gimbal unde r s l ing  and torque o f f s e t .  
g r a v i t y ,  aerodynamic c e n t e r ,  and t e n s i o n  c e n t e r  are included i n  t h e  b l ade  
r e p r e s e n t a t i o n .  
s t r a i g h t  l i n e .  The r o t o r  aerodynamic model i s  g e n e r a l l y  v a l i d  f o r  high and 
low in f low and f o r  a x i a l  and nonax ia l  f l i g h t .  The e f f e c t s  of r e v e r s e  flow, 
c o m p r e s s i b i l i t y ,  and s t a t i c  s t a l l  are included.  

coupled 

Chordwise o f f s e t s  of t h e  b l ade  c e n t e r  of 

The undeformed e l a s t i c  a x i s  of t h e  b l ade  i s  assumed t o  be a 

The l i n e a r  d i f f e r e n t i a l  equa t ions  d e s c r i b i n g  t h e  motion of t h e  th ree -  
bladed r o t o r  are p resen ted  i n  ma t r ix  form, t o g e t h e r  w i th  equa t ions  f o r  t h e  
f o r c e s  and moments a c t i n g  on t h e  r o t o r  hub. Two c a s e s  are considered:  a x i a l  
flow, which i s  a cons t an t  c o e f f i c i e n t  system, and nonax ia l  f low, which i s  a 
p e r i o d i c  c o e f f i c i e n t  system. Also, i n  s e c t i o n  2 . 7 ,  a c o n s t a n t  c o e f f i c i e n t  
approximation f o r  t h e  nonax ia l  flow equa t ions ,  u s ing  t h e  mean va lues  of t h e  
c o e f f i c i e n t s  i n  t h e  n o n r o t a t i n g  frame, i s  de r ived .  The development of t h e  
r o t o r  model begins  w i t h  t h e  a n a l y s i s  of t h e  b l a d e  s t r u c t u r a l  moments. 

2 . 1  S t r u c t u r a l  Analysis  

The s t r u c t u r a l  a n a l y s i s  c o n s i s t s  of an engineer ing beam theory model f o r  
t h e  coupled f l a p / l a g  bending and t o r s i o n  of a r o t o r  b l ade  wi th  l a r g e  p i t c h  and 
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t w i s t .  A high a s p e c t  r a t i o  (of t h e  s t r u c t u r a l  elements) i s  assumed, s o  t h e  
beam model i s  a p p l i c a b l e .  The o b j e c t i v e  i s  t o  re la te  t h e  bending moments a t  
t h e  s e c t i o n ,  and t h e  t o r s i o n  moment, t o  t h e  b l ade  d e f l e c t i o n  and e las t ic  t o r -  
s i o n  a t  t h a t  s e c t i o n .  The a n a l y s i s  fol lows t h e  work of r e f e r e n c e s  1 t o  3 .  

2.1.1 Geometry- The b a s i c  assumptions are t h a t  an e l a s t i c  a x i s  e x i s t s ,  
and t h e  undeformed e las t ic  a x i s  i s  a s t r a i g h t  l i n e ;  and t h a t  t h e  b l ade  has  a 
h igh  a s p e c t  r a t i o  (of t h e  s t r u c t u r a l  e lements) ,  so  engineer ing beam theory  
a p p l i e s .  F igu re  2 shows t h e  geometry of t h e  undeformed b lade .  The span 
v a r i a b l e  r i s  measured from t h e  c e n t e r  of r o t a t i o n  along the  s t r a i g h t  elas- 
t i c  a x i s .  The s e c t i o n  coord ina te s  x and z are t h e  p r i n c i p a l  axes  of t h e  
s e c t i o n ,  w i th  t h e  o r i g i n  a t  t h e  e l a s t i c  a x i s .  Then, by d e f i n i t i o n ,  
Jsection(XZ)dA = 0 .  
ments, t h a t  is ,  a modulus weighted i n t e g r a l :  
f o r  a l l  s e c t i o n  i n t e g r a l s  i n  t h e  s t r u c t u r a l  a n a l y s i s .  The t ens ion  c e n t e r  
(modulus weighted c e n t r o i d )  i s  on t h e  x a x i s ,  a t  a d i s t a n c e  xc a f t  of t h e  
e las t ic  a x i s :  I x  dA = XCA and l z  dA = 0. Again, t h e s e  are modulus weighted 
i n t e g r a l s .  I f  E i s  uniform over t h e  s e c t i o n ,  then xc i s  t h e  area cen- 
t r o i d .  I f  t h e  s e c t i o n  mass d i s t r i b u t i o n  i s  t h e  same as t h e  E d i s t r i b u t i o n ,  
then t h e  t e n s i o n  c e n t e r  co inc ides  wi th  t h e  s e c t i o n  c e n t e r  of g r a v i t y .  

Rea l ly ,  t h e  i n t e g r a l  i s  over t h e  tension-carrying ele- 
I x z E  dA = 0. This  remark h o l d s  

The ang le  of t h e  major p r i n c i p a l  a x i s  (x  a x i s )  w i th  r e s p e c t  t o  t h e  hub 
p l ane  i s  8 .  The e x i s t e n c e  of t h e  e las t ic  a x i s  means t h a t  e l a s t i c  t w i s t  about 
t h e  e las t ic  a x i s  occurs  without  bending. General ly ,  t h e  e l a s t i c  t o r s i o n  
d e f l e c t i o n  w i l l  be  included i n  8 .  The b l a d e  p i t c h  bea r ing  i s  a t  t h e  r a d i a l  
s t a t i o n  rFA. The b l a d e  p i t c h  is  desc r ibed  by r o o t  p i t c h  8' ( r i g i d  p i t c h  
about t h e  f e a t h e r i n g  ax is ,  i n c l u d i n g  t h a t  due t o  t h e  e las t ic  d i s t o r t i o n  of t h e  
c o n t r o l  system), b u i l t - i n  t w i s t  
axis B e .  SO e = e o  + et, + B e ,  where eo($) i s  t h e  roo t  p i t c h ,  8(rFA) = 8'; 
etw(r) i s  t h e  b u i l t - i n  t w i s t ,  Btw(rFA) = 0; and Oe(r,$) i s  t h e  e l a s t i c  t o r -  
s i o n ,  €Ie(rFA,$) = 0. There i s  s h e a r  stress i n  t h e  b l ade  due t o  0, only.  It 
is  assumed t h a t  8, is  s m a l l ,  b u t  8' and et, are  allowed t o  be l a r g e .  

et,, and e las t ic  t o r s i o n  about t h e  e las t ic  

- + t  The u n i t  v e c t o r s  i n  t h e  r o t a t i n g  hub plane a x i s  system are i g ,  J B ,  and 
kg (fig.?2).  TQe u n i t  v e c t o r s  f o r  t h e  p r i n c i p a l  axes  of t h e  s e c t i o n  ( x , r , z )  f are 1, J ,  and k; t h e s e  v e c t o r s  are f o r  no bending, b u t  i nc lude  t h e  e l a s t i c  
t o r s i o n  i n  t h e  p i t c h  ang le  8 .  So t h e  p r i n c i p a l  u n i t  v e c t o r s  are  r o t a t e d  by 
8 from t h e  hub plane: 

+- 

-+ -+ 
i = I cos 8 - k s i n  8 B B 

+- -+ 
k = I s i n  0 + k cos 8 B B 

2.1.2 Description of bending- Now t h e  eng inee r ing  beam theory assumption 
i s  introduced:  p l ane  s e c t i o n s  pe rpend icu la r  t o  t h e  e l a s t i c  a x i s  remain 
s o  a f t e r  t h e  b l ade  bends. Figure 3 shows t h e  geometry of  t h e  deformed sec- 
t i o n .  The deformation of t h e  b l ade  i s  desc r ibed  by (a )  d e f l e c t i o n  of t h e  
e l a s t i c  a x i s ,  xo, ro, and z o ;  (b) r o t a t i o n  of t h e  s e c t i o n  due t o  bending, by 
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ax  a2d $ z ;  and (c )  t w i s t  about t h e  e l a s t i c  a x i s ,  e,, which i s  i m p l i c i t  i n  
and k. xo, ro, z o ,  $,, $,, and B e  

I 
are assumed t o  b e  s m a l l .  The q u a n t i t i e s  

-b -b 
The u n i t  v e c t o r s  of t h e  unbent c r o s s  s e c t i o n  are  ;,+j, and k. The u n i t  

-f vec to r s  of t h e  deformed c r o s s  s e c t i o n  are ~ X S ,  p s ,  and kXS, where ixs and 
kXS are t h e  p r i n c i p a l  axes of t h e  s e c t i o n  and JXS i s  t angen t  t o  t h e  
deformed e las t ic  a x i s .  It fol lows then  t h a t  

-b 

A A 

t + -b -b f -+ 
Now, by d e f i n i t i o n ,  jXs = d r / d s ,  where r = x o i  + ( r  + r o ) j  + zok and s is  
t h e  a r c l e n g t h  a long  t h e  deformed e l a s t i c  a x i s .  Hence, t o  f i r s t  o r d e r ,  

-+ + -b 7 = j + ( x o i  + zok)' xs 
-b -b -t 

= j + (x; + zoB') i  + (2; - x,B')k 

It fol lows t h a t  t h e  r o t a t i o n  of t he  s e c t i o n  i s  

-0, = x:, + zoe '  

$x = z:, - xoe' 

o r  

f + I  
-b -b 

$ x i  + $,k = ( z o i  - xok) 

-b -b -+ -+ 
The unde f l ec t ed  p o s i t i o n  of t h e  b l ade  element is  r = r j  + x i  + zk, and 

t h e  d e f l e c t i o n  p o s i t i o n  i s  
-f -+ -b -b -b -+ 
r = ( r  + r o ) j  + x o i  + zok + xixs + zkXS 

The f i r s t  term i n  t h e  d e f l e c t e d  p o s i t i o n  i s  t h e  r a d i a l  s t a t i o n ,  t h e  nex t  t h r e e  
terms are t h e  d e f l e c t i o n  of t h e  e l a s t i c  a x i s ,  t h e  nex t  t e r m  is  t h e  r o t a t i o n  of 
t h e  s e c t i o n ,  and t h e  f i n a l  two terms are  t h e  l o c a t i o n  of t he  p o i n t  on t h e  
c r o s s  s e c t i o n .  For now, t h e  e las t ic  ex tens ion  ro is  neg lec t ed .  The s t r a i n  
a n a l y s i s  i s  s i m p l i f i e d  s i n c e  then ,  t o  f i r s t  o r d e r ,  s = r;  ro j u s t  g ives  a 
uniform s t r a i n  over t h e  s e c t i o n ,  which may be r e in t roduced  la te r .  

2.1 .3  Analysis of strain- The fundamental metric t e n s o r  g, of t h e  
u n d i s t o r t e d  b l ade  i s  def ined by 
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( d s ) 2  = d’: d t  

I where d s  i s  t h e  d i f f e r e n t i a l  l eng th  i n  t h e  material and % are gene ra l  
c u r v i l i n e a r  coord ina te s .  S i m i l a r l y ,  t h e  metric t e n s o r  G, of t h e  deformed 
b lade  i s  

I 
(dS)2 = d 8  d 8  

Then t h e  s t r a i n  t e n s o r  y, is  def ined  by t h e  d i f f e r e n t i a l  l e n g t h  increment:  

I dxm dxn = (dS)’ - (dS)2 2ymn 

I For  eng inee r ing  beam theory ,  o n l y  t h e  a x i a l  components of t h e  s t r a i n  and 
stress are requi red .  (For a f u l l  e x p o s i t i o n  of t h e  a n a l y s i s  of s t r a i n ,  see 
r e f .  2 . )  

-f 
The metric of t h e  undeformed b lade  (no bending and no t q r s i o n  s o  

t’ t r = x i  + r j  + zk, 0 ’  = et,) i s  obta ined  from t h e  u n d i s t o r t e d  p o s i t i o n  v e c t o r  
g iv ing  

a i  - - .  - a; - = 1 + 0 3 x 2  + 22) 
g r r  ar ar 

The metric of t h e  deformed b lade ,  i 2c lud ing  ben2ing and t o r s i o n ,  i2 s i m i l a r l y  
obta ined  from t h e  p o s i t i o n  v e c t o r  
g iv ing  

r = (x  + x o ) i  + ( r  + x $ ~  - z$,)j + ( z  + zo)c ,  

Then t h e  a x i a l  component of t h e  s t r a i n  t e n s o r  i s  
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The l i n e a r  s t r a i n  ( f o r  small xoy  z o y  e,, Ox, and +z) i s  

The s t r a i n  due t o  t h e  b l a d e  t e n s i o n ,  ET, is  a cons t an t  such t h a t  t h e  ten-  
s i o n  is  given by t h e  i n t e g r a l  over  t h e  b l ade  s e c t i o n :  

T = JEcr r  dA = I E dA 

S u b s t i t u t i n g  f o r  
J(x2 + z2)dA = Ip = kp2A (where 
t i o n  about t h e  e l a s t i c  a x i s )  g ives  

c r r  and us ing  t h e  r e s u l t s  
kp 

Jz dA = 0 ,  lx dA = XCA, and 
i s  t h e  modulus weighted r a d i u s  of gyra- 

T 
E = - = +;xc + e"2-x x - e t  Z ' X  + ele;k; + r: T EA t w o c  t w o c  

I n  t h i s  expres s ion ,  t h e  s t r a i n  due t o  t h e  b l ade  ex tens ion  ro h a s  been 
included.  It fol lows t h a t  t h e  s t r a i n  may be w r i t t e n :  

2 .1 .4  Section moments- To f i n d  t h e  moments on t h e  s e c t i o n ,  t h e  second 
eng inee r ing  beam theory  assumption is  introduced:  a l l  stresses except 
orr are n e g l i g i b l e .  The a x i a l  stress is  given by orr  = Ecrr. The d i r e c t i o n  
of u r r  i s  

ai!/ar e =  
I a;/ar I 

+ -+ t -f 
The moment on t h e  deformed c r o s s  s e c t i o n  ( f i g .  4 )  is M=~iXS+MrjXS+Fl ,kXS.  
The moment about t h e  e l a s t i c  a x i s  due t o  t h e  e l emen ta l  f o r c e  
c r o s s  s e c t i o n  i s  

orr  dA on t h e  

-+ t -+ 
dM = (xixs + zkXS) X (a G)dA rr  

-+ 
dA 

= [-zlXs t + XkXS -+ + eiW(x2 + z2)jXSIorr  
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I n t e g r a t i n g  over  t h e  b l ade  s e c t i o n  y i e l d s  t h e  r e s u l t  f o r  t h e  t o t a l  moments due 
t o  bending and e l a s t i c  t o r s i o n :  

To M, has  been added t h e  t o r s i o n  moment GJe;, due t o  s h e a r  stresses pro- 
duced by e las t ic  t o r s i o n .  These moments are about t h e  e l a s t i c  a x i s .  For  
bending, i t  is  more convenient t o  work wi th  moments about t h e  t e n s i o n  c e n t e r  
xc : 

MX = - I z u r r  dA 

M, = J ( x  - xC)urr dA 

S u b s t i t u t i n g  for urr  and i n t e g r a t i n g  y i e l d s  t h e  fol lowing moments: 

= EI,,($; + e'$,) - e l e p Z p  

M, = (GJ + k$T + e t 2 E I p p )  0; + O;,k;T 

where 

I,, = sz2 dA 

I,, = J(x - x C l 2  dA 

I P  = $A = J(x2 + z2)dA 

I X P  = J(x - xp) (x2  + z2)dA 

Izp = Jz(x2 + z2)dA 

I P P  = J(x2 + z 2  - k$)2dA 

10 



The i n t e g r a l s  are a l l  ove r  t h e  tension-carrying elements,  of course ( i .e . ,  
modulus weighted) .  The t e n s i o n  T acts a t  t h e  t e n s i o n  c e n t e r  xc; hence t h e  
bending moments about  t h e  e l a s t i c  a x i s  may be ob ta ined  from those  about t h e  
t ens ion  c e n t e r  by (M,)EA = M, + xCT and (M,)EA = G. The bend ing / to r s ion  
s t r u c t u r a l  coupl ing i s  due t o  E I x ~  and EIzp. For a symmetrical  s e c t i o n ,  
EIzp = 0. 

2.1.5 Vector formulation; Define t h e  s e c t i o n  bending mQment v e c t o r  
and t h e  f l a p / l a g  d e f l e c t i o n  w as: 

-+ -f -+ 
w = z o i  - xok 

:;A2) 
he ixs and kXS components of t h e  moment.) The d e r i v a t i v e s  of w' are 

is  no t+qu i t e  t h e  moment on t h e  s e c t i o n  because M, and M, a re  real ly  
-f 

-+ -+ -+ -+ 
( z o i  - xok) '  = (2; - x o 8 ' ) i  - (x; + zo8 ' )k  

Chen t h e  r e s u l t  f o r  t h e  bending and t o r s i o n  moments may be w r i t t e n :  

This i s  the resu l t  sought h e r e ,  namely, t h e  r e l a t i o n  between t h e  s t r u c t u r a l  
moments and t h e  d e f l e c t i o n s  o f  t h e  r o t o r  blade.  

-tf -tt 
Writ ing t h e  bending s t i f f n e s s  dyadic  as E 1  = E I , , i i  + EIxxkk, and 

n e g l e c t i n g  ( f o r  t h i s  paragraph only)  t h e  bend ing / to r s ion  coupl ing terms (EIzp 
and EID) g ives  

I n  t h i s  form, our  r e s u l t  appears  as a simple ex tens ion  of t h e  eng inee r ing  beam 
theory r e s u l t  f o r  uncoupled bending and t o r s i o n  ( f o r  
form a l lows  a simultaneous t r ea tmen t  of t h e  coupled inp lane  and out-of-plane 
bending of t h e  b l ade ,  w i th  cons ide rab le  s i m p l i f i c a t i o n  of t h e  equa t ions  as a 
consequence. 

8 i w  = 0 ) .  The v e c t o r  
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This  re la t ion+betwerp t h e  moments and deflection: i s  a l i n e a r i z e d  r e s u l t .  
Thus t h e  v e c t o r s  i and k appearing i n  E 1  and i n  w $re based on t h e  t r i m  
p i t c h  ang le  8 = 8' + Otw. The p e r t u r b a t i o n s  of 1 and k due t o  t h e  e las t ic  
t o r s i o n  g ive  second-order moments, which have a l r e a d y  been neg lec t ed  i n  t h e  
d e r i v a t i o n .  The n e t  t o r s i o n  modulus i s  

G J e f f  = G J  + kp'T + 8;;EIpp 

where 
e l a s t i c  t o r s i o n  s t i f f n e s s  c h a r a c t e r i s t i c  of r o t o r  b l a d e s ,  t h e  G J  t e r m  
u s u a l l y  dominates. The kp2T term is only important  nea r  t h e  r o o t  f o r  b l ades  
t h a t  are very s o f t  t o r s i o n a l l y .  The 8$EIpp term i s  important only f o r  ve ry  
s o f t ,  h i g h l y  t w i s t e d  b l ades .  

T = Q2 ,f: pm dp i s  t h e  c e n t r i f u g a l  t e n s i o n  i n  t h e  blade.  For t h e  

2.2 I n e r t i a  Analysis  

Th i s  s e c t i o n  d e r i v e s  t h e  i n e r t i a  f o r c e s  of a h e l i c o p t e r  r o t o r  b l ade .  The 
b l a d e  motion considered i n c l u d e s  coupled f l a p / l a g  bending ( inc lud ing  t h e  r i g i d  
modes i f  t h e  b l a d e  i s  a r t i c u l a t e d ) ,  r i g i d  p i t c h ,  e las t ic  t o r s i o n ,  gimbal p i t c h  
and r o l l  (which are dropped from the m o d e l  for a r t i c u l a t e d  and h i n g e l e s s  
r o t o r s ) ,  and t h e  r o t a t i o n a l  speed p e r t u r b a t i o n .  
b l a d e  and hub i n c l u d e s  precone, droop, and sweep;  p i t c h  bea r ing  r a d i a l  o f f s e t ;  
f e a t h e r i n g  axis  droop and sweep; and to rque  o f f s e t  and gimbal unde r s l ing .  

The geometric model of t h e  

2.2.1 Rotor geometry- Consider an N-bladed r o t o r ,  r o t a t i n g  a t  speed Q 
( f i g .  5 ) .  The mth b l ade  is  a t  t h e  azimuth l o c a t i o n :  

I),= $ + mAI) , m = 1, ..., N 

where A$ = 27r/N, and = !dt is  a dimensionless  t i m e  v a r i a b l e .  The S 
coord ina te  system (is, jS, ks) i s  a n o n r o t a t i n g ,  i n e r t i a l  r e f e r e n c e  frame. 
The S system coord ina te s  a r e  t h e  r o t o r  s h a f t  axes when t h e r e  i s  no hub 
motion. When t h e  s h a f t  moves, however, due t o  t h e  motion of t h e  h e l i c o p t e r  o r  
t h e  wind tunn$l suppor t ,  t h e  S system remains f i x e d  i n  space. The B sys- 
t e m  (XB, JB, kB) i s  a coord ina te  frame r o t a t i n g  w i t h  t h e  mth blade.  
a c c e l e r a t i o n ,  angu la r  v e l o c i t y ,  and angu la r  a c c e l e r a t i o n  of t h e  hub, and t h e  
f o r c e s  and moments e x e r t e d  by t h e  r o t o r  on t h e  hub are de f ined  i n  t h e  non- 
r o t a t i n g  frame (S system). F igu re  6 ( a )  shows t h e  d e f i n i t i o n  of t h e  l i n e a r  
and angu la r  motion of t h e  r o t o r  hub; f i g u r e  6(b)  shows t h e  d e f i n i t i o n  of t h e  
r o t o r  f o r c e s  and moments a c t i o n  on t h e  hub. The r o t o r  b l ade  equa t ions  of 
motion are de r ived  i n  t h e  r o t a t i n g  frame. 

til+ 

i The 

F igure  7 shows t h e  b l ade  hub and r o o t  geometry considered ( u n d i s t o r t e d ) .  
The o r i g i n  of t h e  For ar t ic-  
u l a t e d  o r  h i n g e l e s s  r o t o r s ,  where t h e r e  i s  no gimbal, t h i s  i s  simply t h e  p o i n t  
where t h e  s h a f t  motion and hub f o r c e s  are evaluated.  The hub of t h e  r o t o r  is 
a d i s t a n c e  
f i g .  7). The to rque  o f f s e t  XFA i s  p o s i t i v e  i n  t h e  - i ~  d i r e c t i o n .  The 
azimuth $m 
hub p l a n e ) ,  so  t h e  f e a t h e r i n g  a x i s  i s  p a r a l l e l  t o  t h e  jB a x i s  and o f f s e t  

B and S systems i s  t h e  l o c a t i o n  of t h e  gimbal. 

ZFA below t h e  gimbal (gimbal unde r s l ing ,  which is  n o t  shown i n  

i s  measured t o  t h e  f e a t h e r i n g  a x i s  l i n e  ( i s ,  p r o j e c t i o n  i n  t h e  

3 
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g i v e s  t h e  o r i e n t a -  
&FA1 

XFA from t h e  c e n t e r  of r o t a t i o n .  The precone ang le  
t i o n  of t h e  b l ade  e l a s t i c  a x i s  inboard of t h e  p i t c h  b e a r i n g  w i t h  r e s p e c t  t o  
t h e  hub p l ane ;  S F A ~  
The p i t c h  b e a r i n g  is  o f f s e t  r a d i a l l y  from t h e  c e n t e r  of r o t a t i o n  by The 
r i g i d  p i t c h  r o t a t i o n  of t h e  b l ade  about t h e  f e a t h e r i n g  a x i s  occurs  a t  
The droop a n g l e  &FA, and t h e  sweep ang le   FA^ occur  a t  rFA, j u s t  outboard 
of t h e  p i t c h  bea r ing ;   FA^ and S F A ~  
of t h e  b l a d e  outboard of t h e  p i t c h  b e a r i n g ,  w i th  r e s p e c t  t o  t h e  precone. Both 
  FA^ and   FA^   FA^ is  p o s i t i v e  a f t .  Fea the r ing  a x i s  droop  FA^ and sweep  FA^ d e f i n e  t h e  
o r i e n t a t i o n  of t h e  f e a t h e r i n g  a x i s  with r e s p e c t  t o  t h e  precone; &FA,, i s  posi-  
t i ve  downward, &FA i s  p o s i t i v e  a f t ,  and bo th  a r e  small ang le s .  I f  
&FA,+ =   FA^ = 0, t i e n  t h e  f e a t h e r i n g  a x i s  o r i e n t a t i o n  i s  j u s t  given by t h e  

- and precone; i f  &FA,+ - 
as t h e  outboard e las t ic  axis. 

i s  p o s i t i v e  upward, and i s  assumed t o  be a small angle .  

rFA. 
rFA. 

g ive  t h e  o r i e n t a t i o n  of t h e  e l a s t i c  a x i s  

i s  p o s i t i v e  downward and are assumed t o  b e  small a n g l e s ;   FA^ 

S F A ~  =   FA^, then t h e  o r i e n t a t i o n  i s  t h e  same 
&!A2 

I n  summary, t h e  b l a d e  r o o t  i s  underslung by ZFA and o f f s e t  by XFA 
re la t ive t o  t h e  gimbal. From t h e  r o o t  t o  t h e  p i t c h  b e a r i n g ,  t h e r e  is  a shank, 
of l eng th  'FA, which u n d i s t o r t e d  i s  a s t r a i g h t  l i n e  a t  an  a n g l e    FA^ t o  t h e  
hub p l ane  ( sma l l  precone) .  The b l a d e  outboard of t h e  p i t c h  b e a r i n g  a t  rFA, 
u n d i s t o r t e d ,  has  a s t r a i g h t  elastic a x i s ,  w i th  small droop and sweep  FA^ and 
&FA,) .  The f e a t h e r i n g  a x i s  a l s o  has small droop and sweep w i t h  r e s p e c t  t o  t h e  
precone (&FA, and &FA ) .  The shank (inboard of t h e  p i t c h  bea r ing  a t  rFA) and 
t h e  b l ade  (outboard 02 The shank is  assumed t o  
be r i g i d  i n  t o r s i o n ;  t h e  b l ade  outboard of t h e  p i t c h  bea r ing  is f l e x i b l e  i n  
t o r s i o n  as w e l l  as bending. 
t h e  p i t c h  b e a r i n g ,  which t a k e s  p l a c e  about t h e  l o c a l  d i r e c t i o n  of the f ea the r -  
i ng  axis  a t  'FA, inc lud ing  t h e  bending of t h e  shank. Inco rpora t ion  of t h e  
bending f l e x i b i l i t y  of t h e  b l ade  inboard of t h e  p i t c h  bear ing means t h a t  gen- 
eral r o t o r  c o n f i g u r a t i o n s  may be considered - an a r t i c u l a t e d  r o t o r  w i th  t h e  
f e a t h e r i n g  ax i s  inboard o r  outboard of t h e  hinges o r  a c a n t i l e v e r  b l ade  w i t h  
o r  without f l e x i b i l i t y  inboard of t h e  p i t c h  bear ing.  The s p e c i a l  c a s e  of a 
r i g i d  shank can be considered as w e l l ,  of course.  

rFA) are f l e x i b l e  i n  bending. 

There i s  r i g i d  p i t c h  r o t a t i o n  of t h e  b l ade  about 

F igure  8 shows t h e  undeformed geometry of t h e  blade.  The d e s c r i p t i o n  of 
t h e  b l a d e  f o r  t h e  i n e r t i a l  a n a l y s i s  p a r a l l e l s  t h a t  f o r  t h e  s t r u c t u r a l  a n a l y s i s  
( s e e  f i g .  2 and s e c t i o n  2 .1 .1) .  It is  assumed t h a t  an e las t ic  a x i s  e x i s t s ,  
t h a t  t h e  undeformed e l a s t i c  a x i s  i s  a s t r a i g h t  l i n e ,  and t h a t  t h e  b l ade  has  a 
h i g h  a s p e c t  r a t i o ,  so  eng inee r ing  beam theory and l i f t i n g  l i n e  theory are 
a p p l i c a b l e .  Here XI i s  t h e  locus  of t h e  s e c t i o n  c e n t e r  of g r a v i t y ,  XA i s  
t h e  locus  of t h e  s e c t i o n  aerodynamic c e n t e r ,  and xc i s  t h e  l o c u s  of t h e  
s e c t i o n  t e n s i o n  c e n t e r .  The d i s t a n c e s  xI ,  XA, and xc are p o s i t i v e  a f t ,  
measured from t h e  e l a s t i c  a x i s ;  g e n e r a l l y ,  they are a func t ion  of r .  The 
corresponding z displacements  are neglected.  

+ t  -b 
io, joy and ko 

axis system of t h e  s e c t i o n .  Subsc r ip t  o r e f e r s  t o  t h e  undeformed frame, 
t h a t  i s ,  w i t h  no elastic t o r s i o n  i n  
freedom. The d i r e c t i o n  of t h e  undeformed elastic axis i s  j0; io and ko are 
t h e  d i r e c t i o n s  of t h e  l o c a l  p r i n c i p a l  axes of t h e  undeformed s e c t i o n .  The 

The c o o r d i n a t e  system is  t h e  e las t ic  a x i s / p r i n c i p a l  

8, o r  gimbal o r  r o t o r  spec$ degres s  of 
t 
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spanwise v a r i a b l e  i s  r ,  measured from t h e  c e n t e r  of r o t a t i o n .  This  v a r i a b l e  
i s  dimensionless ,  s o  r = 1 a t  t h e  b l a d e  t i p .  The s e c t i o n  coord ina te s  x and 
z are mass p r i n c i p a l  axes ,  w i th  o r i g i n  a t  t h e  e l a s t i c  a x i s .  It is  assumed 
t h a t  t h e  d i r e c t i o n s  of t h e  mass p r i n c i p a l  axes  and t h e  modulus p r i n c i p a l  axes  
are t h e  same. The CG is  a t  z = 0 and x = XI. The s e c t i o n  mass, c e n t e r  
of g r a v i t y  p o s i t i o n ,  and s e c t i o n  p o l a r  moment of i n e r t i a  (about t h e  e las t ic  
a x i s )  are, by d e f i n i t i o n ,  t hen  as fol lows:  

l s e c t i o n  dm = m 

I, e c  t i o n  dm = J s e c t i o n  xz dm = 0 

c 
x d m = x m  

Js e c t i o n  I 

e l s e c t i o n  (x2 + z2)dm = I 

The b l ade  p i t c h  ang le  i s  8 ( a t  t h i s  s t a g e  i n  t h e  a n a l y s i s ,  t h e  undis- 
t o r t e d  o r  mean p i t c h ,  denoted by s u b s c r i p t  m). The ang le  O is measured 
from t h e  hub It i s  t h u s  t h e  a n g l e  of 
r o t a t i o n  of io and ko from t h e  hub p l ane  axes.  The undeformed p i t c h  a n g l e  
c o n s i s t s  of t h e  c o l l e c t i v e  p i t c h  O c o l l  p l u s  t h e  b u i l t i n  t w i s t  e tw( r ) :  
8 = 8, = O c o l l  + Otw. W e  d e f i n e  O c o l l  as t h e  p i t c h  a t  rFA, s o  
etw(rFA+) = 0. The r o o t  p i t c h  is  t h e n  e o  = ecoll. The r o t a t i o n  by e c o l l  
is n o t  p r e s e n t  inboard of 
axes  wi th  r e s p e c t  t o  t h e  hub p l ane ,  which i s  included i n  etw f o r  
Note t h a t  Otw(riA) i s  no t  n e c e s s a r i l y  ze ro ,  hence t h e r e  i s  a jump i n  8, a t  
'FA, of magnitude: 

l a n e  tz t h e  s e c t i o n  p r i n c i p a l  a x i s .  $ 

'FA, b u t  t h e r e  can be p i t c h  of t h e  l o c a l  p r i n c i p a l  
r < rFA. 

The t r i m  p i t c h  ang le  i s  then:  

It is  assumed t h a t  8, i s  s t e a d y  ( cons t an t  i n  t ime) ,  independent of J I .  
Cyc l i c  v a r i a t i o n s  i n  
t h e  p e r t u r b a t i o n  t o  t h e  p i t c h  ang le .  
l a r g e ,  hence e c o l l  and Otw may be l a r g e  a n g l e s .  

8 ,  as may b e  r equ i r ed  t o  t r i m  t h e  r o t o r ,  are included i n  
We s h a l l  alow t h e  t r i m  p i t c h  a n g l e  t o  b e  

The droop and sweep of t h e  b l ade  e las t ic  a x i s  are de f ined  w i t h  r e s p e c t  t o  
t h e  hub p l ane  a x e s ,  s o  i t  fol lows t h a t  u n l e s s  t h e  f e a t h e r i n g  a x i s  i s  p a r a l l e l  
t o  t h e  outboard e l a s t i c  a x i s ,  t h e s e  ang le s  vary wi th  t h e  r o o t  p i t c h  of t h e  
b l ade .  L e t   FA^ and 6& * be t h e  droop and sweep of t h e  b l a d e  when t h e  p i t c h  

4 
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angle  a t  75-percent r a d i u s  i s  zero .  
der ived  from t h e  r o o t  geometry: 

Then t h e  fol lowing r e l a t i o n  can be 

* - 6 ) s i n  e,, 6 - 6 )COS e7 ,  + FA2 FA4 FA5 

* - 6 )COS e,, 
FAS 

= 6 - (6* - 6 ) s i n  e,, + 
FA3 FA5 FA2 FA4 

6 

* where 8 7 5  = 8' + Btw(r = 0.75) .  The ang le s  &$A, and  FA are f i x e d  geo- 
metric c o n s t a n t s ,  so  t h e  v a r i a t i o n  of t h e  droop and sweep due t o  b l ade  p i t c h  
p e r t u r b a t i o n s  i s  

= i0(6 - 6 
FA3 

Between t h e  B coord ina te  system ( r o t a t i n g  hub p lane  axes)  and t i e  o 
system ( u n d i s t o r t e d  2 e c t i o n  a x e s ) ,  t h e r e  are t h e  fol lowing ro t az ions :  
 FA^ - about  i g  (small precone 2nd droop) ,    FA^ about kg ( smal l  
sweep), an2 then  r o t a t i o n  em about j E A  ( t h e  l a r g e  p i t c h  ang le ) .  so 

+ + Io  = cos emiB - s i n  e m c B  + j [ ( 6  - 6 ) s i n  em - ti cos  em] 
B FA1 FA2 FA3 

+ + + + 
ko = s i n  8,iB + cos emkB + j [ - ( 6  - 6 B FA1 

where   FA^ and   FA^ are based on 8; = 8c011,  and are absent  f o r  r < rFA. 
Subsc r ip t s  o and m w i l l  be dropped w h e n  i t  i s  obvious that  the u n d i s t o r t e d  
geometry is  be ing  cons idered .  

2 .2 .2  Rotor motion- The r o t o r  b lade  motion i s  descr ibed  by t h e  fo l lowing  
degrees  of  freedom: 

(a)  Gimbal1 p i t c h  and r o l l  motion of t h e  r o t o r  d i s k  (omit ted f o r  a r t i c u -  

(b) Rotor speed p e r t u r b a t i o n  
(c )  Then t o r s i o n  about  t h e  e l a s t i c  axis ,  and r i g i d  p i t c h  motion about 

(d) 

l a t e d  and h i n g e l e s s  r o t o r s )  

t h e  f e a t h e r i n g  a x i s  

f l a p  and l a g  motion i f  t h e  b lade  i s  a r t i c u l a t e d .  
Followed by bending d e f l e c t i o n  of t h e  e l a s t i c  axis ,  i nc lud ing  r i g i d  

F igure  9 ( a )  shows t h e  gimbal. motion and r o t o r  speed p e r t u r b a t i o n  i n  t h e  non- 
r o t a t i n g  frame. 
p i t c h  and r o l l  of t h e  r o t o r  di5k i n  t h e  nonro ta t ing  frame. The r o t o r  ro t a -  
t i o n a l  speed p e r t u r b a t i o n  is  j ~ ~ .  The degree of freedom GS is  a r o t a t i o n  

The gimbal degrees  of freedom are BGC and BGS - r e s p e c t i v e l y ,  
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-+ 
about t h e  s h a f t  a x i s  
JIm + J l s .  
degrees  of freedom are BG and given by 

kS, s o  t h e  azimuth angle  of t h e  mth b l ade  i s  r e a l l y  
F igure  9(b)  shows t h e  gimbal motion i n  t h e  r o t a t i n g  frame. The 

I B, = BGc cos JIm + B,, s i n  JIm 

The gimbal e f f e c t s  are  p r i m a r i l y  due t o  BG, t h e  f lapwise  r o t a t i o n  about  t h e  
?B 
due t o  zFA and xFA. The b l ade  p i t c h  8 is  def ined  wi th  r e spec t  t o  t h e  hub 
p lane ,  so  only t h e  b l ade  inboard of t h e  p i t c h  bea r ing  sees t h e  p i t c h  r o t a t i o n  

a x i s ;  e,, t h e  r o t a t i o n  about TB, only in t roduces  a t r a n s l a t i o n  of t h e  hub 

due t o  8,. 

Figure 3 showed t h e  geometry of t h e  deformed b lade .  The b l ade  deforma- 

of t h e  e las t ic  axis ,  and r o t a t i o n s  of t h e  s e c t i o n  $x and $z due t o  
t i o n  is  descr ibed  by t w i s t  8 about t h e  e l a s t i c  a x i s ,  bending d e f l e c t i o n  xo 
and zo 
bendingi The p i t c h  angle  8,-+inclu$ing p e r t u r b a t i o n s ,  is  i m p l i c i t  i n  the I ,  
f ,  and k 
no bending, but now i n c l u c e  t h e  b l ade  e l a s t i c  t o r s i o n  and r i g i d  p i t c h  motion. 
The XS axes ( i x s ,  JXS,  kxs)  are t h e  s e c t i o n  p r i n c i p a l  axes and e las t ic  axis 
of t h e  deformed b lade ,  i nc lud ing  both t o r s i o n  and bending. The tangent  t o  t h e  
deformed e las t ic  a x i s  i s  jXs. From s e c t i o n  2 . 1 . 2 ,  t h e  r o t a t i o n  of t h e  c r o s s  

coord ina te  system; i and k are t h e  p r i n c i p a l  axes  of t h e  b l ade  w i t h  

- f t  

-f 

I s e c t i o n  by $x and $ z  i s  r e l a t e d  t o  t h e  bending as fol lows:  
I 

-+ -+ -+ -+ -+ -+ 
$ x i  + 0 k = ( z ;  - x o 8 ' ) i  - (x; + zoel)k = ( z o i  - xok) '  

Z 

The b lade  p o s i t i o n ,  r e l a t i v e  t o  t h e  r o o t ,  is  then  

-+ -+ + -+ -+ -+ 
r = ( r  + r ) j  + x o i  + zok + xixs + zkXS 

0 

-+ -+ -+ 
= ( r  + ro + x$, - z$ ) j  + ( x o l  + zok) + x l  + zk 

X 

The p e r t u r b a t i o n  of  t h e  r a d i a l  p o s i t i o n ,  ro + X $ I ~  - z $ ~ ,  w i l l  be  neglec ted  
s i n c e  i t  is  much smaller than t h e  r a d i a l  p o s i t i o n  r .  

The b l ade  p i t c h  ang le  8 i s  t h e  angle  of t h e  major p r i n c i p a l  axis of  t h e  
s e c t i o n  (x a x i s )  measured from t h e  hub p lane .  The p i t c h  i s  composed of t h e  
r o o t  p i t c h  
t r o l  commands, c o n t r o l  system f l e x i b i l i t y ,  and kinematic  coupl ing) ;  t h e  + b u i l t i n  t w i s t  Otw(r) (where etw(rFA) = 0 ) ;  and t o r s i o n  about t h e  e las t ic  
axis ee( r ,$)  (where ee(rFA,$) = 0 ;  only 8, produces shea r  stress i n  t h e  
b l ade ) .  The b l ade  shank inboard of 'FA does n o t  have t h e  r o o t  p i t c h  8"  o r  
t h e  e l a s t i c  t o r s i o n  B e .  Thus t h e  b l ade  p i t c h  is  

e"($)  ( t h e  b l ade  p i t c h  a t  t h e  p i t c h  bea r ing ,  r = rFA, due t o  con- 

0 = e o  
I e t w  

Y FA r = r  

9 < r~~ 
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The commanded r o o t  p i t c h  ang le  is  de f ined  as €3' = ecoll + e,,,. Here % o n  
i s  t h e  t r i m  va lue  of t h e  c o l l e c t i v e  p i t c h ,  which may be l a r g e  b u t  is assumed 
t o  b e  s t e a d y  i n  t i m e ;  econ 
c y c l i c  t o  t r i m  t h e  r o t o r ) ,  which i s  t i m e  dependent but  is  assumed t o  be a 
s m a l l  ang le .  8'; 8' 
i s  t h e  a c t u a l  r o o t  p i t c h .  The d i f f e r e n c e  (e"  - e') is  t h e  r i g i d  p i t c h  motion 
due t o  control-system f l e x i b i l i t y  o r  kinematic  coupl ing i n  t h e  c o n t r o l  system. 
Hence t h e  b l a d e  p i t c h  may be w r i t t e n  as 

i s  t h e  p e r t u r b a t i o n  c o n t r o l  i n p u t  ( i n c l u d i n g  

The b l a d e  r o o t  p i t c h  commanded by t h e  c o n t r o l  system i s  

C 

r > r  FA 

FA r = r  

FA r < r  

+ etw) + (eo  - e + econ + ee , 
Y + ( e o  - ec> + econ 

Y 

The p i t c h  a n g l e  8 may now be sepa ra t ed  i n t o  t r i m  and p e r t u r b a t i o n  
c o n t r i b u t i o n s :  

e , + e  , 

where t h e  t r i m  terms are ( a s  above) 

e, = [ e c o l l  + et" ' 9 

%w Y 

FA 

FA 

FA 

r > r  

r = r  

r < r  

FA 

FA 

FA 

r > r  

r = r  

r < r  

and the perturbations are 

C 

FA 

FA 

FA 

( e o  - 8 1 + econ + ee , 

con ' 

r > r  

e = 6 "  = ( e o  - ec) + e r = r  - 1  0 r < r  

8, i s  composed of 

9 

The t r i m  va lue  of t h e  p i t c h  
s t eady  angle .  The p e r t u r b a t i o n  of t h e  p i t c h  ang le  8 i s  composed of t h e  
b l ade  motion terms (e"  - e'), e,,,, and B e ;  a l l  are sma l l  ang le s ,  s o  
small. For t h e  r i g i d  p i t c h  degree of freedom, t h e  n o t a t i o n  po is  used where 

O c 0 & l  and Otw; i t  i s  a l a r g e  

6 is 

po = 8" = ( e o  - eC) + econ 
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(The n o t a t i o n  po 

t o t a l  r i g i d  p i t c h  motion of t h e  b lade ,  i nc lud ing  t h e  c o n t r o l  ang le  

i s  chosen t o  be  c o n s i s t e n t  w i t h  t h a t  f o r  t h e  modal expan- 
I s i o n  of t h e  e l a s t i c  t o r s i o n  0, descr ibed  below.) Note t h a t  po is  t h e  

e,,,. 
2 .2 .3  Coordinate frames- Table 1 summarizes t h e  coord ina te  frames used , 

and t h e  a x i s  r o t a t i o n s  between them. The u n i t  v e c t o r s  of t h e  B system are 

t t I = s i n  - cos +mjs B 

3 = cos Q t 1 + s i n  ~~j~ t 
B m S  

-+ -+ 
kB = kS 

Between t h e  B 
t i o n s :  f i r s t ,  BG +  FA^ -   FA^ about ig, and Qs -  FA^ about EB; then  0 
about jEA. Hence t h e  u n i t  v e c t o r s  are 

system and t h e  b l ade  sysxem, t h e r e  are  t h e  fol lowing ro t a -  

+ -t ? = cos - s i n  OkB + jB[(BG + 6 - 6 ) s i n  0 + (Q, - 6 ) c o s  0 1  
B FA1 FA2 FA3 

-+ -f -+ -+ 
k = s i n  01 + cos  OkB + jB[-(B + 6 - 6 )cos 0 + (9, - 6 ) s i n  01 

FA2 FA3 B G FA1 

The u n i t  v e c t o r s  of t h e  XS are  

t 1 = f 1 + QZT xs , 
+ + - +  -+ + t t 

jXs = J - Q , i  + Qxk = j + (xo i  + zok) '  

kXS = k - @.J 
-+ -+ -+ 

For t h e  undis turbed b l ade  system, t h e  r o t a t i o n s  by BG and Qs are 
dropped, and a l s o  t h e  p i t c h  p e r t u r b a t i o n s  i n  0 .  Hence t h e  u n i t  v e c t o r s  are 

t j .  -+ 
lo = cos B m i g  - s i n  0,kg + 7 [ ( 6  - 6 ) s i n  8, - 6 cos  em] 

B FA1 FA3 

-f -+ -k 
ko = s i n  0 I + cos 0,kB + jB[ - (6  - 6 > c o s  0, - 6 s i n  em] 

m~ FA1 FA2 FA3 
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TABLE 1.- SUMMARY OF COORDINATE FRAMES 

Coordinate  frame 

S system Axis r o t a t i o n s  
n o n r o t a t i n g ,  hub 
p l ane  frame 

-t - 90" about k ( s h a f t  r o t a t i o n )  'm S 
B system 

r o t a t i n g  hub p l ane  
frame, mth b l ade  BG about iB (gimbal) -f 

t eG about J B  (gimbal) 
-+ 

H system q S  about k ( r o t o r  speed p e r t u r b a t i o n )  B hub frame 

about (precone) H 6 
FA1 FA system 

b l a d e  inboard 
e las t ic  a x i s  about IFA (droop) 

-+ 
-6FA2 
 FA^ about kFA (Sweep) 

EA system 
b l a d e  outboard 
e las t ic  a x i s  

8 about 7 ( p i t c h / t o r s i o n )  

-eG about J~ (gimbal) 
EA 
-t 

Blade system 
p r i n c i p a l  axes, 
i n c l u d i n g  t o r s i o n  

9, about (bending) 

$ z  about k (bending) 
+ 

XS system 
p r i n c i p a l  axes ,  
i n c l u d i n g  t o r s i o n  
and bending 

Now s i n c e  t h e  b l a d e  motion ( 6 ,  BG, and '$,) is  s m a l l ,  t h e  b l ade  system u n i t  
v e c t o r s  can b e  expanded i n  terms of those  of t h e  undis turbed frame: 
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To f i r s t  o r d e r  i n  t h e  v e l o c i t y  and angu la r  v e l o c i t y ,  t h i s  becomes, f i n a l l y ,  

- + +  + +  + +  + + +  $ +  
a 3 a + tr + 2nxvr + ?ix(Rxr) + 2 o o x ( ~ x r )  + woxr 

0 

-+ 
The s i x  terms i n  a are, r e s p e c t i v e l y ,  t h e  a c c e l e r a t i o n  of t h e  o r i g i n ,  t h e  
relative a c c e l e r a t i o n  i n  t h e  r o t a t i n g  frame, t h e  relative C o r i o l i s  accelera- 
t i o n ,  t h e  c e n t r i f u g a l  a c c e l e r a t i o n ,  t h e  C o r i o l i s  a c c e l e r a t i o n  due t o  t h e  angu- 
lar  v e l o c i t y  of t h e  o r i g i n ,  and $he a2gu la r  a c c e l e r a t i o n  of t h e  o r i g i n .  
dyadic  o p e r a t o r  form, and wi th  !J = Rkg, t h e  a c c e l e r a t i o n  i s  

In 

+ +  - R'($IB + + - +  
a = a + tr + 2n( jg iB  - 

0 

+ +  * -+ + A  + 2!J(kBr - rkB)wo - ( r x ) U 0  

To o b t a i n  then  t h e  t o t a l  a c c e l e r a t i o n  of t h e  b l a d e ,  t h e  a c c e l e r a t i o n  i s  
m u l t i p l i e d  by t h e  d e n s i t y  of t h e  b l a d e  p o i n t  (dm d r )  and i n t e g r a t e d  ove r  t h e  
volume of t h e  blade.  

2.2.5 Force and moment equilibrium- The equa t ions  of motion f o r  e las t ic  
bending, t o r s i o n ,  and r i g i d  p i t c h  of t h e  b l a d e  are ob ta ined  from e q u i l i b r i u m  
of i n e r t i a l ,  aerodynamic, and e las t ic  moments on t h e  p o r t i o n  of t h e  b l a d e  
outboard of r: 

+ + + -ME + MA = MI 

where ME is t h e  s t r u c t u r a l  moment on t h e  inboard f a c e  of t h e  deformed c r o s s  
s e c t i o n  (so -ME i s  t h e  e x t e r n a l  f o r c e  on t h e  outboard f a c e ) ;  MA is  t h e  
t o t a l  aerodynamic moment on t h e  b l a d e  s u r f a c e  outboard of r ;  and MI is  t h e  
t o t a l  i n e r t i a l  moment of t h e  b l a d e  outboard of r. The s t r u c t u r a l  moment ME 
is ob ta ined  from eng inee r ing  beam theory f o r  bending and t o r s i o n  ( s e c t i o n  2 .1 ) ,  
from t h e  c o n t r o l  system f l e x i b i l i t y  f o r  r i g i d  p i t c h ,  o r  from t h e  hub s p r i n g  
f o r  gimbal motion. 
t h e  hub due t o  t h e  r o t o r  ( s o  
i n e r t i a l  moment of t h e  b l a d e  outboard of 

A l t e r n a t i v e l y ,  ME may b e  viewed as t h e  f o r c e  o r  moment on 
-ME i s  t h e  f o r c e  on t h e  r o t o r ) ;  MI i s  t h e  + r ,  about t h e  p o i n t  r o ( r ) :  

I For bending of t h e  b l ade ,  eng inee r ing  beam theory gives  

+ + f f  * - +  
*(2) = M i + MZk = ( i i x s  + kkXs)% % X 

* ++ -+ + 
Therefore ,  t h e  o p e r a t o r  ( i i x s  + kkXS) i s  a p p l i e d  t o  MI and MA a l s o .  For 
bending, t h e  moments about t h e  t e n s i o n  c e n t e r  (x  = xc) are requ i r ed .  Then t h e  
d e s i r e d  p a r t i a l  d i f f e r e n t i a l  equa t ion  f o r  bending i s  ob ta ined  from a2M(2)/ar2. 
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For e las t ic  t o r s i o n ,  engineer ing  beam theory  g ives  M r E  - - Txs %. SO t h i s  

For t o r s i o n ,  moments about t h e  sec-  
+- +- 

same ope ra to r  is  a p p l i e d  t o  
t i o n  e l a s t i c  a x i s  (x  = 0) a t  r are r equ i r ed ;  a l s o ,  e las t ic  t o r s i o n  involves  
only t h e  b l ade  outboard of The d e s i r e d  p a r t i a l  d i f f e r e n t i a l  equat ion  
f o r  t o r s i o n  is  then  obta ined  from a M r / 8 r .  The equat ion  of motion f o r  t h e  
r i g i d  p i t c h  degree of  freedom po i s  oktained from eqy i l ib r ium of moments 
about t h e  f e a t h e r i n g  a x i s ,  MFA = $FA M(rFA). Here M i s  t h e  moment about 
t h e  f e a t h e r i n g  a x i s  (x = 0) a t  r = rFA, and &A is  t h e  d i r e c t i o n  of t h e  
f e a t h e r i n g  a x i s ,  i nc lud ing  p e r t u r b a t i o n s  due t o  b l ade  bending: 

MI and MA. 

rFA. 

h +- +- +- +- + (xo i  + zok) '  I - 'FAqkB + 6FA5iB 
FA 

e~~ = JFA 

The e l a s t i c  r e s t r a i n t  from t h e  control-system f l e x i b i l i t y  g ives  t h e  r e s t o r i n g  
moment about  t h e  f e a t h e r i n g  a x i s ,  completing t h e  d e s i r e d  equat ion  of motion. 

The equa t ions  of motion f o r  t h e  gimbal degrees  of freedom BGC a2d BGS 
and are oq ta insd  from eqy i l ib r ium of moments about t h e  gimbal, Mx = zs  M 

% = j s  M,  where M i s  t h e  t o t a l  moment (from a l l  N b l ades )  about t h e  
gimbal p o i n t ,  i n  t h e  nonro ta t ing  frame. The equat ion  of motion f o r  t h e  r o t o r  
speed p e r t u r b a t i o n  degree Zf frzedom $ S  
to rque  moments Q = -M, = ks M, where, aga in ,  M i s  t h e  t o t a l  moment about 
t h e  gimbal p o i n t .  

i s  obt3ined from equ i l ib r ium of 

The t o t a l  r o t o r  f o r c e  and moment on t h e  hub ( a t  s h e  gimbal p o i n t )  are 
obta ined  from a sum over t h e  N b l ades  of $(m) and M(m), t h e  f o r c e  and 
moment due t o  t h e  mth b lade :  

N 
+- M =  +-(d M 

m= 1 

Since  
equ i l ib r ium of t h e  e n t i r e  b l ade ,  i t  fol lows t h a t  

- 8(m) and -M - t(m) are t h e  fo rces  on t h e  b l ade ,  from f o r c e  and moment 

+(m> +- +- 
-M + MA = MI 

The hub f o r c e  and moment are r equ i r ed  i n  t h e  nonro ta t ing  hub p lane  frame ( S  
system);  t h e  components are def ined  as fo l lows  ( see  f i g .  6 ) :  

+- -+ -b -b 
F = H i S  + Yj, + TkS 

2 3  



-b M = MxTs + M f - QkS -b 

Y S  
~ -b 

Note t h a t  M produces t h e  gimbal and rotor-speed p e r t u r b a t i o n  motion i f  t hose  
degrees  of  freedom are used, bu t  i t  is  a l s o  t r ansmi t t ed  through t h e  gimbal t o  
t h e  h e l i c o p t e r  body o r  suppor t .  

The aerodynamic f o r c e s  and moments on t h e  b l ade  are obtained from t h e  
i n t e g r a l  over  t h e  span of t h e  aerodynamic f o r c e s  and p i t c h  moments on t h e  
b l ade  s e c t i o n .  The f o r c e s  a c t i n g  on t h e  s e c t i o n  a t  t h e  e l a s t i c  a x i s  are 
F,, and Fr ( see  f i g .  10 ) .  
and d rag  fo rces  i n  t h e  hub p l ane  axis system (B 
p lane ,  p o s i t i v e  i n  t h e  drag  d i r e c t i o n ;  F, is  normal t o  t h e  hub p lane ,  pos i -  
t ive  upward; and Fr is  t h e  r a d i a l  f o r c e ,  p o s i t i v e  outward. There are a l s o  
r a d i a l  components of  Fx and F, 
bending; h e r e  Fr i s  j u s t  t h e  r a d i a l  d rag  fo rce .  Thus t h e  aerodynamic f o r c e  
a c t i n g  on t h e  s e c t i o n  a t  t h e  deformed e las t ic  axis i s  

F,, 
These are t h e  components of  t h e  aerodynamic l i f t  

i s  i n  t h e  hub frame) - Fx 

due t o  t h e  t ilt  of  t h e  s e c t i o n  by b l ade  

A A A A  4. A A P a e r o  = FxiB + FzkB - jBjxs (FxiB + FzkB) + FrjXS 

S F ;  + F k  -b + F r j B  -; t  
x B  z B  

where 

I gr = Fr - F,[BG + 6 FA1 - 6 FA2 + zB ( x o l  + Z,z)*] 
I 

, F i n a l l y ,  Ma 
Thus t h e  aerodynamic moment is 

is  t h e  s e c t i o n  momegt about  t h e  e l a s t i c  a x i s ,  p o s i t i v e  nose-up. 
-? 

Maero = Majxs. 
2.2.6 Bending equation- The equat ion  of motion f o r  b l ade  bending i s  

obta ined  from 

-b 
where M i s  t h e  moment about  t h e  t e n s i o n  c e n t e r  (x  = XC) a t  r and 

Consider ing f i r s t  t h e  b l ade  outboard of rFA, t h e  i n e r t i a  moment i s  

-b -b 
) x z  dm dp 

-b - 
MI = J ( r l p x z  r I rxCo sect ion  

-b - r ) J  + (xo + x ) l  + (zo  + z ) g  - [ (xo + x c ) l  + zok] I r }  x z  dm dp 
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so 

I 

['lz dm dp - (xi + zk - x C i ) x a  t - +  dm I' -+ - t  

ar 

arz a28 = J x f i  dm - [(x$ + zok -+ + x c i ) ' x  ['J: dm dp]' 

- [J(xI + zk -+ - 

F i n a l l y ,  

a?$ 
a2 + ( 2 )  = (n + a) ar' - [(xoI + z0C)'j $11' -9 MI 

-k -++  -+ 
= j x J z  dm + [J(z? - xc + xck)j a dm]' 

-+ -t -+ -+ - ( z o i  - xok - xCk) I r ]  a dm dp 

-+ -k 

The l a s t  t e r m  i n  t h i s  r e s u l t  - [ (xol + zok)'f MI]'' - w i l l  be  n e g l e c t e d  s i n c e  
i t  is o r d e r  ( c / R ) ~  smaller than t h e  f i r s t  t e r m .  I nc lud ing  t h e  case r < 'FA, 
which i n t r o d u c e s  only an e f f e c t  of droop and sweep, t h e  r e s u l t  i s  

where 6 ( r )  i s  t h e  d e l t a  func t ion ,  t h a t  is ,+an impulse a t  r = 0. The 
a c c e l e r a t i o n  due t o  t h e  s h a f t  motion (with t r 2 r j B )  is 
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- + +  + - +  ++ + + &  a = a + 2Q(kBr - rkB)wo - r x w o  0 

+ + +  + +  
g a. + 2Qr(kBjB - j k ); - r s  x i  B B  0 B o  

so 

- + +  m j  xa  = m(iBkB - k 1 )ao  + 2Qrm(i j ); + mr(1  -f + k k ); a2G(2) t + + +  + *  -+ + - +  
ar2 B B B  B B  0 B B  B B  0 

The b lade  r e l a t i v e  a c c e l e r a t i o n  g ives  

a28(2) 2 :xJz dm = m k (z  .. 8 + r $ , ) + Z  (x 0 + r g G ) +  ( z o i - x o z ) "  + 
arL r b B  FA G B FA G 

- ~ [ ( x o + x I ) i + r o ~ ~ - ~ ~ ( r - r F A ) [ ( 6  -+ - 6  )zB-(6 - 6  >zB]\ FA3 FA5 FA2 FAq 

-b tt e - +  + The c e n t r i f u g a l  a c c e l e r a t i o n  is  a = -n2 ( 1 B l B  + JBjB)r ,  s o  

Thus 

+ +  -+ + mkBkB ( z  i - [ e  ( x o l +  zoC+ x&) 3 ' 
0 . 0 

+ -+ -f - + *  xJ:pm d p / l + [ ( x c - x I ) O i r m ] l - m k  --+ Bk (x i + z  k + x I i ) - 6 ( r - r F A ) G o  B B  0 0 

-+ + - +  
The C o r i o l i s  a c c e l e r a t i o n  i s  a = 2RkBxvr, s o  
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+ + + + e  j a = 2Q[-r$ - kB ( z o i  - xok) 3 S 

+ +  
For t h e  C o r i o l i s  a c c e l e r a t i o n  due t o  t h e  r a d i a l  v e l o c i t y  
s a r y  t o  i n c l u d e  t h e  e f f e c t  of t h e  change i n  t h e  r a d i a l  p o s i t i o n  of t h e  b l a d e  
due t o  bending: 

j V r ,  i t  i s  neces- 

A r  + = -jB - t 1  2 lr [xo? + zok + + x 1)' - ( $ s  - 6FAi)1B + (B6 + 6 - 6 )zB] 2 dp I FA1 FA2 

so 

+ .  t + + t + .  
= - l r ( z o I  - xok)' ( z o i  - xok - xIk)'  dp - ( z 0 i  - xok) 

f - t  
J Vr 

Then 

a26(2) = ,,(,,, i r ( z o i  t - xok) - + *  ' ( z o i  f - xok -+ - xIk) -+ 'dp - $miG[-zFA + + iB 
a r 2  

(zoi t - xok + - xIk) + + r 6  - (r - rFA)6FA, + ~ B G ]  - + kBmGs[xFA + + kg 
FA1 

- 6 )Jx[(zoi  + - xok) + .  + 
FA2 



The s t r u c t u r a l  moment (from s e c t i o n  2.1) is  

F i n a l l y ,  t h e  aerodynamic moment about  t h e  t e n s i o n  c e n t e r  (x = XC) a t  
t o  t h e  b l ade  load ing  a c t i n g  a t  t h e  e l a s t i c  a x i s  a t  p ,  is  

r ,  due 

so 

4 2 )  

ar2 
a2MA -k + 

= 1 x 3  = Fz iB  - Fxkg a e r o  

2.2.7 Elastic torsion equation- The equat ion  of motion f o r  e l a s t i c  t o r -  
s i o n  is obta ined  from 

-b 
where M is  t h e  moment about  t h e  e l a s t i c  a x i s  a t  r and 

-+ -+ a2 
ar r ar JXS ar M = j - + [ (xo I  + z o z ) '  G I '  a a t  - M  3- 

The iner t ia  moment is 

so 

- ad P -k + (xoi + + Z ~ ~ ) ~ ] X  i l J z  dm dp - (xx + zz)x; dm 
ar 
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Thus w e  have 

= J(& - z i )  a dm - ( z o i  + - x0z)"*  f ( p  - r ) J z  dm dp - ( x  0 1 + 2s)' + +  aMr 

ar r 

The o r d i n a r y  d i f f e r e n t i a l  equat ion  f o r  t h e  k t h  t o r s i o n  mode of t h e  mth 
b l a d e  is  ob ta ined  by o p e r a t i n g  wi th  I ck( .  . . ) d r ,  where E& is t h e  elastic 
t o r s i o n  mode shape. It i s  most convenient t o  apply t h i s  o p e r a t o r  a t  t h i s  
p o i n t  i n  t h e  a n a l y s i s :  

'FA 

Sk(zox - x0$)"(r - p)dp] - t  dm d r  
1 

aMr I d r  = l1 J(Ek(xz - z i )  + - [ ' k a r  
FA FA FA 

and t h e  fo l lowing  n o t a t i o n  is adopted: 

The a c c e l e r a t i o n  due t o  t h e  s h a f t  motion g ives  

+ +  + 
srm d r  kBj, wo 

+ + +  + +  + 1 
aMr d r  = [ s m  d r ( i B i B  + kgkB)ao + 20 

1 

FA 
[ ' k a r  

FA FA 

+ +  
d r ( k B i B  - l&B)$o 

The b l a d e  r e l a t i v e  a c c e l e r a t i o n  g ives  

29 



t -t \ (xo i  + zOc)"m d r  + 
FA FA 

1 
6FA3 - 6FA)iB](r - 'FA )$Om d r  - Sk61e d r  

FA 

where 1 0  = J(x2 + z2)dm i s  t h e  s e c t i o n  p i t c h  moment of i n e r t i a  about  t h e  
e las t ic  axis.  The b l ade  c e n t r i f u g a l  a c c e l e r a t i o n  g ives  

1 1 1 

aMr d r  = -fi2{-1 -f Xkm d r  -t igzFABG - [ +. Xkrm d r  -t kBB, 

FA FA 
' k x  

FA 

+. + . + .  -t + x i)m d r  - [' + zok) kx m - r ( x  i + zoz)ll 
I 0 I 0 

FA 

1 1 
-f -+ 

(zoi - x k - 
0 

FA 

'Br cFAl - 'FA)]- 

I n  t h e  c e n t r i f u g a l  a c c e l e r a t i o n ,  w e  have neglec ted  a number of t e r m s  due t o  
b l ade  t o r s i o n  and p i t c h  which are of t h e  same o rde r  as t h e  p r o p e l l e r  moment, 
bu t  which are normally much smaller than t h e  s t r u c t u r a l  moment. 
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1 
With T = n2& pm dp, the structural moment (from section 2.1) is 

aMr 1 
E ar = [(GJ + kp2n2 pm dp + B;:EIpp ) e ] '  e + (e~wkp2a2 l1 pm dp)' 

-+ * t -+ + [Biw(EIXpk - EIZpl) ( Z  1 - x 0 k)"]' 
0 

Finally, the aerodynamic moment about the elastic axis at r 

[ ( p  - r)f + (xoI + zok) - (xoi + zok) 
-f -+ -+ 1 1 

t -+ 
MajXs dp + M A =  

is 

-+ 
r lX:Faero dp 

so 

1 

'aero dp 
- -  asA -+ t - -M j ar a xs - J X S ~  

agA .- + (x I + zoZ)" GA A t  aMr - -  
ar - JXS ar 0 

+ 1 t -+ 
= -M - ( z o i  - x0k)" ( p  - r) (FxiB + FzZB)dp a 

and 

-+ 
1 1 

SkMa dr + A dr = - "4, (FtB + FZdB)dr 
1 aMr 

FA 
' k a r  

FA FA 

where 
-+ -+ -+ 

x% = xk - 

2.2.8 R i g i d  p i t c h  equation- The equation of motion for rigid pitch is 
obtained from M + MFAI - - MFAA, where 

FAE 

G = [;.. + (x$ + zoZ) ' 1, - & F A ~ ~ B  -+ +   FA^ i1. t  B 
%A = %A FA 

-+ 
and M is the moment about the feathering axis at r = 'FA. The inertia 
moment is 
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FA 3 -  = I,' ,[(r - rFA) -% j + (xo + x); + ( z o  + z ) z  - (xo i  -f + zok) -t 1, x a  dm d r  

FA 

so 

X ( r  - I: - ( z o l  +- - xok) l r  -t - (zoi t - xok) ' I r  -+ (r - rFA)) -+ a dm d r  
FA FA 

FA 

and t h e  fol lowing n o t a t i o n  i s  adopted: 

The a c c e l e r a t i o n  due t o  t h e  s h a f t  motion g ives  

1 1 
-+ + +  + -% -+ -+ Xorm d r  -+* kBjB -+ o 

0 
% A = - I  X o m d r ( i B i B  + kBkB)ao - 2Q 

A FA FA 
- + -  + +  

Xorm d r ( k  i - iBkB)zo 
B B  

FA 
The b lade  r e l a t i v e  a c c e l e r a t i o n  g ives  
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+ Xorm d r  
.. 

-f + bGgB) 
1 + 1 

X m d r -  (-zFA ij I + XFABSB) - J 
FA r FA 

+ + 
t k)  + x12]0m d r  

+ 
X o *  (xo i  + z $)"m d r  - 

0 

FA FA 

1 +J :  .- 818 d r  

FA 

The c e n t r i f u g a l  a c c e l e r a t i o n  g ives  

1 -+ + 1 
?t m d r  IBzFABG + [ Xorm d r  kBB, - 61e(cos2 8 - s i n 2  8 ) d r  

%A=-'2([ FA o FA FA 

1 + + 
+ + ( x o l  + zok) ' l r  

+ -f 

FA 
(x i + zok + xIi)m d r  + 
0 

Next, the aerodynamic moment about t h e  f e a t h e r i n g  axis a t  'FA i s  

+ + d r  + J1 [(r - r F A ) j  + (xo i  + + zok) + - ( x o l  + zo%) 1 ,  d ] a e r o  d r  FA 
FA r 

FA 

so 
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where 

-+ -+ -+ 
XA = Xo - xIk 
0 

The aerodynamic and i n e r t i a l  moments about t h e  f e a t h e r i n g  a x i s  are 
reac t ed  by moments due t o  t h e  deformation of t h e  c o n t r o l  system, moments due 
t o  t h e  commanded p i t c h  ang le ,  and moments due t o  feedback (mechanical o r  kine-  
mat ic)  from t h e  b lade  bending o r  gimbal motion. The r e s t o r i n g  moment a c t i n g  
on t h e  b l ade  about t h e  f e a t h e r i n g  axis i s  
of t he  e l a s t i c  deformation i n  t h e  c o n t r o l  system and t h e  c o n t r o l  system s t i f f -  
ness  Kcon. Hence 

-Mcon, which is given by t h e  product  

The v a r i a b l e s  

Kpi 
b l ade  r o o t  geometry. S i m i l a r l y ,  

qi are t h e  bending degrees  of freedom ( introduced below), s o  
i s  t h e  k inemat ic  p i tch /bending  coupl ing  due t o  t h e  c o n t r o l  system and 

is  t h e  p i t c h / f l a p  coupl ing f o r  t h e  gim- 
KpG 

b a l  motion. For t h e  r i g i d  f l a p  motion of  t h e  b l ade ,  t h i s  coupl ing is  u s u a l l y  
expressed i n  t e r m s  of a d e l t a - t h r e e  ( 6 3 )  ang le  s o  t h a t  K p  = t a n  6 3 .  The $s 
t e r m  i s  t h e  p i t c h  change due t o  t h e  r o t o r  azimuth p e r t u r b a t i o n  w i t h  a f i x e d  
swashplate .  
of motion reduces t o  

For a r i g i d  c o n t r o l  system (Kcon -+ a), t h e  r i g i d  p i t c h  equat ion  

So, i n  t h i s  l i m i t ,  po 
coupl ing terms. 

becomes j u s t  t h e  c o n t r o l  i n p u t ,  p l u s  t h e  kinematic  

Now'the control-system s t i f f n e s s  Kcon i s  w r i t t e n  i n  terms of t h e  non- 
r o t a t i n g  n a t u r a l  frequency of t h e  r i g i d  p i t c h  motion of t h e  b lade ,  wo, as 

Then t h e  s t r u c t u r a l  p i t c h  moment i s  
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2.2 9 BZade force- The n e t  f o r c e  of t h e  mth b l a d e  on t h e  hub i s  
i!(m) = $i - $1, where 3 is  t h e  f o r c e  due t o  t h e  b l ade  a t  t h e  hub. 
t i a l  f o r c e  is 

The i n e r -  

Then t h e  a c c e l e r a t i o n  due t o  t h e  s h a f t  motion g ives  

The re la t ive a c c e l e r a t i o n  g ives  

4' t .. + .. $ = r m  dr(-iB$Js + kBBG) + (xol + zo$)"m d r  

The C o r i o l i s  a c c e l e r a t i o n  g ives  

-+ F = 252 [JzBx;r dm d r  

1 1 1 
= 252JB[- [ r m  d r  8 S + ZB (xoz + zog)'m d r  

The c e n t r i f u g a l  a c c e l e r a t i o n  g ives  

1 1 .(. ,'[-x + ( r  - rFA)dFAg m d r  + jB  r m  d r  - xB a r m  d r  $Js 
FA 1 = -n lB 

0 

I -k 
1 

+ ZB I $ 0  (xol + z 0 k + xIl)m d r  
0 

F i n a l l y ,  t h e  aerodynamic f o r c e  i s  

1 

3 A =p a e r o  

1 

d r  

= ( F Z B  + FZZB + grJB)dr 
0 
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the 

The 

The 

+ M =  

- 

using the relation 

2.2.10 Blade m o m y t -  Thz net-+moment of the mth blade on the hub about 
gimbal point is M(m) = MA - MI. The inertial moment is 

+ +  % = a', rxa dm dr 
acceleration due to the shaft motion gives 

1 1 
rm dr(TBCB - '-f kBiB)zo + 2R r2m dr lBJB zo 
1 

+ - +  + r2m dr($lB + kBkB)zo 

relative acceleration gives 

.. .. 1 

x rm dr - { B[(xo + xI)l + zo$]rm dr - B0[(tiFA3 - &FAJIB 
FA 

centrifugal acceleration gives 

Q2ZB(f[-zFA + rsFAl - (r - r ) 6  ]rm dr + 1 
r%n dr BG + FA FA, 

0 

;f + -+ 
(x 0 + zod + xIr)rm dr + BkB (zoi - xok - xIk)rm dr 
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I 

' .-+ ' ' 
= -R2kBxr kB r 

' + - +  
-R2r(-iB kB r )  

Now the  C o r i o l i s  a c c e l e r a t i o n  i s  

where 

' + + + ( z o i  - xok - xIk) 

so 

-+ '3 } ' { - ( [ ( z o x  - x 0 z ) ' *  ( z o i  -+ - x -f k + IB* (zoi - xoz - xIk) m d r  + 2RkB 0 

1 -f 
1 ' IB* ( z o i  - x$)'[-rS - rBG + ( r  - 1: FA )S FA2 m d r  

FA1 
- xIk) 'dp r m  d r  + 

+ SB ( z o i  -+ - xod) (xFA + rFASFA3 + z 0 )m d r  + [ gB - xok) - + +  'kg 
1 

FA G 

i+ ' + ii, [[-zFA + rBG + r 6  - ( r  - rFA)SFA, 

FA1 
(zoi - xok - xIk)m d r  - 

' + IB ( z o l  - xok - 

F i n a l l y ,  t h e  aerodynamic moment is 
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2.2.11 Gimbal equation- Ths equat4on of motion f o r  t h e  gimbal degrees  of 
freedom are obta ined  from t h e  is  and j s  components of t h e  hub moment 
+ M =  ip-d. 

m 

-+ 
where %S 
app l i ed  moments. 
r o t a t i n g  frame. Hence 

is t h e  s p r i n g  and damper moment a t  t h e  gimbal, r e a c t i n g  t h e  r o t o r -  
The gimbal s p r i n g  and damper are assumed t o  be i n  t h e  non- 

f -b 
Taking t h e  is and Js components of M, t h e  gimbal equat ions  of motion are 

M + C$,, + KGBGC = 0 
Y 

The gimbal hub spring and damper c o e f f i c i e n t s  may b e  w r i t t e n :  

N KG = - 2 0  I R2(vG2 - 1) 

N CG = 5 Io"; 

where Io = l o R r 2 m  d r ,  and vG is  t h e  r o t a t i n g  n a t u r a l  frequency of t h e  gim- 

b a l  f l a p  motion. 

2.2.12 Modal equations- Consider  t h e  equ i l ib r ium of t h e  e l a s t i c ,  i n e r t i a l ,  
and c e n t r i f u g a l  bending moments. 
terms g ive  t h e  fo l lowing  homogeneous equa t ion  f o r  bending of t h e  b lade :  

From t h e  r e s u l t s  i n  s e c t i o n  2 .2 .6 ,  t h e s e  

-+ I' -+ 
O2 [{I pm dp(z i - xok)' -f 

[ ( E I z z a  + EIxxZ)(zol - xok)"]" - 
0 

- + +  R d  ( z o l  - xog) + m(zoi + - xok) -+ *. = 0 

This  equa t ion  may b e  so lved  by the method of s e p a r a t i o n  of v a r i a b l e s .  Wri t ing  

-? -f + i v t  ( z o i  - xok) = n ( r ) e  

i t  becomes 
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the modal equation for coupled flap/lag bending of the+rotating blade. 
an ordinary differential equation for the mode shape 
interpreted as the free vibration of the rotating beam at natural frequency v.  

It is 
n(r); this mode may be 

This modal equation, with the appropriate boundary conditions for a can- 
tilevered or hinged blade, is a proper Sturm-Liouville+eigenvalue problem. 
follows that there exists a series of eigensolutions 
with corresponding eigenvalues vk2. The eigensolutions or modes are orthog- 
onal with weighting function m; if i # k, 

It 
of this equation, rlk(r) 

These modes form a complete series, so it is possible to expand the rotor 
blade bending as a series in the modes: 

+ + 
z 0 i - x 0 T: = 2 qi(t)qi(r) 

1= 1 

TQe bending modes are normalized to unit amplitude (dimensionless) at the tip: 
1 r l ( 1 > 1  = 1. 

Consider the homogeneous equation for the elastic torsion motion of the 
nonrotating blade, that is, the balance of structural and inertial torsion 
moments. The results -n section 2.2.7 give 

The equation for the torsion motion of a rotating blade, including centrifugal 
forces and some additional structural torsion moments, could be used instead. 
For the torsional stiffness typical of rotor blades, these terms have little 
effect, however, and the nonrotating torsion modes are an accurate representa- 
tion of the blade mofion. Solving this equation by separation of variables, 
we write e, = S(r)elwt, so 

( G J S ' ) '  + I,w2S = 0 

This equation is a proper Sturm-Liousville eigenvalue problem, from which 

The modes are orthogonal with weighting 
it follows that there exists a series of eigensolutions 
ing eigenvalues 
function I,, so if i # k, 

Sk(r) and correspond- 
Wk2 (k = 1, ..., ==). 
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The modes form a complete set ,  so  t h e  e l a s t i c  t o r s i o n  of t h e  b lade  may be  
expanded as a series i n  t h e  modes: 

1 m 

These modes are t h e  f r e e  v i b r a t i o n  shape of  t h e  nonro ta t ing  b l ade  i n  t o r s i o n ,  
a t  n a t u r a l  f requency Uk. The t o r s i o n  modes are normalized t o  u n i t y  a t  t h e  
t i p ,  E&) = 1. 

2.2 .13  Expansion i n  modes- The bending and t o r s i o n  motion of  t h e  b l a d e  i s  
now expanded as series i n  t h e  normal modes. By t h i s  means, t h e  p a r t i a l  d i f -  
f e r e n t i a l  equa t ions  f o r  t h e  motion ( i n  r and t )  are converted t o  o rd ina ry  

I d i f f e r e n t i a l  equa t ions  ( i n  t i m e  on ly)  f o r  t h e  degrees  of freedom. 

I For t h e  b l ade  bending, w e  w r i t e  

m 

-k 
whe5e 
(z,i - xok)trim 
and s a t i s f y  t h e  modal equa t ion  given above. The v a r i a b l e s  q i  are t h e  
degrees  of  freedom f o r  t h e  bending motion of t h e  b lade .  When t h e  s u b s t i t u t i o n  
f o r  t h e  modal expansion i s  made t h e  z u b s c r i p t  “ t r i m ”  w i l l  be  dropped, as t h a t  
is a l l  t h a t  can be meant by (zoi - xok) then.  

oi+ are  t h e  r o t a t i n g ,  coupled bending modes def ined  above and 
is t h e  t r i m  bending d e f l e c t i o n .  These modes are or thogonal  

+ 
~ For t h e  b l ade  e l a s t i c  t o r s i o n ,  w e  w r i t e  

where t i  are t h e  nonro ta t ing  e l a s t i c  t o r s i o n  modes. These modes are  orthog- 
o n a l  and s a t i s f y  t h e  modal equa t ion  given above. The v a r i a b l e s  p i  ( i  2 1 )  
are  t h e  deg rees  of freedom f o r  t h e  e l a s t i c  t o r s i o n  motion of t h e  b lade .  The 
degree  of  freedom f o r  r i g i d  p i t c h  motion i s  
r i g i d  r o t a t i o n  about t h e  f e a t h e r i n g  a x i s ,  t h e  mode shape i s  simply C o  1. 
Thus t h e  t o t a l  b l a d e  p i t c h  p e r t u r b a t i o n  is  expanded as t h e  series: 

( e o  - ec)  + 8,,,. - 6 0  = For po - 

I The t o t a l  b l ade  p i t c h  0 (mean and p e r t u r b a t i o n )  i s  then  
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Subsc r ip t  m on t h e  t r i m  p i t c h  ang le  i s  dropped when t h e  s u b s t i t u t i o n  f o r  t h e  
modal expansion i s  made s i n c e  i t  i s  no longer  needed t o  d i s t i n g u i s h  between t h e  
t r i m  and p e r t u r b a t i o n  q u a n t i t i e s .  

2.2.14 Fourier coordinate transformation- To t h i s  p o i n t  i n  t h e  a n a l y s i s ,  
t h e  equa t ions  of motion and t h e  r o t o r  hub r e a c t i o n s  have been obta ined  i n  t h e  
r o t a t i n g  frame, w i t h  degrees  o f  freedom d e s c r i b i n g  t h e  motion of each b l ade  
s e p a r a t e l y .  I n  f a c t ,  however, t h e  r o t o r  responds as a whole t o  e x c i t a t i o n  
from t h e  n o n r o t a t i n g  frame - s h a f t  motion, aerodynamic g u s t s ,  o r  c o n t r o l  
i npu t s .  I t  i s  d e s i r a b l e  t o  work wi th  degrees  of freedom t h a t  r e f l e c t  t h i s  
behavior .  
sis and t h e  unders tanding  of  t h e  behavior .  

Such a r e p r e s e n t a t i o n  of  t h e  r o t o r  motion s i m p l i f i e s  bo th  t h e  analy- 

The a p p r o p r i a t e  t r ans fo rma t ion  t o  o b t a i n  t h e  degrees  of freedom and equa- 
t i o n s  of motion i n  t h e  nonro ta t ing  frame i s  of t h e  Four i e r  type .  There are 
many s imi l a r i t i e s  between t h i s  coord ina te  change and Four i e r  series, d i s c r e t e  
Four i e r  t r ans fo rms ,  and Four i e r  i n t e r p o l a t i o n ;  t h e  common f a c t o r  is ,  of  
course ,  t h e  p e r i o d i c  n a t u r e  of t h e  system. A Four i e r  series r e p r e s e n t a t i o n  of  
t h e  b l ade  motion i s  a p p r o p r i a t e  f o r  d e a l i n g  wi th  t h e  s t eady- s t a t e  s o l u t i o n .  
Here w e  are cons ide r ing  t h e  gene ra l  dynamic behavior ,  i nc lud ing  t r a n s i e n t  
motions; hence t h e  Four i e r  coord ina te  t r ans fo rma t ion  is requ i r ed .  Th i s  coor- 
d i n a t e  t r ans fo rma t ion  h a s  been widely used i n  t h e  c l a s s i c a l  l i t e r a t u r e ,  
a l though o f t e n  w i t h  only  a h e u r i s t i c  b a s i s .  For example, i t  h a s  been used i n  
ground resonance ana lyses  t o  r e p r e s e n t  t h e  r o t o r  l a g  motion ( r e f .  4 )  and i n  
h e l i c o p t e r  s t a b i l i t y  and c o n t r o l  ana lyses  f o r  t h e  r o t o r  f l a p  motion ( r e f .  5 ) .  
More r e c e n t l y ,  t h e r e  have been a p p l i c a t i o n s  of t h e  Four i e r  coord ina te  t r a n s -  
formation wi th  a sounder mathematical  b a s i s  ( e .g . ,  r e f .  6 ) .  

Consider  a r o t o r  w i t h  N b l ades  equa l ly  spaced around t h e  azimuth, a t  
qm = $ + mA$ (where A$ = 2 v / N  and t h e  b l ade  index m r a n  es from 1 t o  N ) .  
Here $ = Rt i s  t h e  d imens ionless  t i m e  v a r i a b l e .  L e t  q (m7 be t h e  degree  of  
freedom i n  t h e  r o t a t i n g  frame f o r  t h e  mth b l ade ,  m = 1 t o  N.  The Four i e r  
coord ina te  t r ans fo rma t ion  i s  a l i n e a r  t ransform of t h e  degrees  of freedom from 
t h e  r o t a t i n g  t o  t h e  n o n r o t a t i n g  frame. Thus t h e  fo l lowing  new degrees  of 
freedom are i n t r o d u c e d :  

N 

m= 1 

1 Bo = c q(m) 

N 

m= 1 

2 
B nc = - N q(m) cos  n+ m 

N 

m= 1 

2 
m = - c q(m) s i n  n+ Bns N 
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Here Bo is a collective mode, Blc and 6, are cyclic modes, and BN12 is 
the reactionless mode. 
coning degree of freedom, while B,, and B l s  
degrees of freedom. The inverse transformation is 

For example, for tge rotor flap motion, Bo is the 
are the tip-path-plane tilt 

which gives the motion of the individual blades again. The summation over n 
goes from 1 to (N-1)/2 for N odd and from 1 to (N-2)/2 for N even. The 
BN/2 degree of freedom appears in the transformation only if N is even. 
The corresponding transformation for the velocity and acceleration are 

Note that transformation to the nonrotating frame introduces Coriolis and 
centrifugal terms. 

The variables Bo, Bn,, BnS, and BN12 are degrees of freedom, that is, 
functions of time, just as the variables q(m) are. These degrees of freedom 
describe the rotor motion as a whole, in the nonrotating frame, while q(m) 
describes the motion of an individual blade in the rotating frame. Thus we 
have a linear, reversible transformation between the N degrees of freedom 
q(m) in the rotating frame (m = 1, ..., N) and the N degrees of freedom 
(60, Bnc, Bns, BN/2) in the nonrotating frame. 
transformation with a Fourier series representation of the steady-state solu- 
tion. 
the blades are identical. It follows that the motion in the rotating frame 
may be represented by a Fourier series, the coefficients of which are steady 
in time but infinite in number. Thus there are similarities between the 
Fourier coordinate transformation and the Fourier series, but they are by no 
means identical. 

Compare this coordinate 

In that case, q(m) is a periodic function of $m, so the motions of all 

This coordinate transform must be accompanied by a conversion of the 
equations of motion for q(m) 
This conversion is accomplished by operating on the equations of motion with 
the following summation operations: 

from the rotating to the nonrotating frame. 

1 2 2 1 
N N - (. . .I, y C(. . .>cos n$m, E(. ..)sin n$m, - C (...>(-I)~ 

m m m m 
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The r e s u l t  is  equat ions  f o r  t h e  
r e s p e c t i v e l y .  Note t h a t  t h e s e  are t h e  same ope ra t ions  as are involved i n  
t ransforming t h e  degrees  of freedom from t h e  r o t a t i n g  t o  t h e  nonro ta t ing  frame. 
Since t h e  o p e r a t o r s  are l i n e a r ,  cons t an t s  may be f ac to red  o u t .  Thus wi th  con- 
s t a n t  c o e f f i c i e n t s  i n  t h e  equat ions  of motion, t h e  o p e r a t o r s  act  only on t h e  
degrees  of freedom. 
dom i n  t h e  n o n r o t a t i n g  frame, and t h e  corresponding r e s u l t s  f o r  t h e  t i m e  
d e r i v a t i v e s ,  t h e  conversion of t h e  equat ions  of motion i s  then  s t r a i g h t f o r w a r d .  
Complexities arise when i t  i s  necessary  t o  cons ider  p e r i o d i c  c o e f f i c i e n t s ,  
such as due t o  t h e  aerodynamics of t h e  r o t o r  i n  nonaxia l  flow ( see  sec- 
t i o n s  2 . 6 . 3  and 4 . 1 ) .  

Bo, Bnc,  Bns,  and B N / 2  degrees  of freedom, 

By making use of t h e  d e f i n i t i o n s  of  t h e  degrees  of f ree-  

The t o t a l  f o r c e  and moment on t h e  hub have been obta ined  by summing t h e  
c o n t r i b u t i o n s  from t h e  i n d i v i d u a l  b lades .  The r e s u l t  is  o p e r a t o r s  e x a c t l y  of 
t h e  form above, f o r  ob ta in ing  the  t o t a l  hub r e a c t i o n  i n  t h e  nonro ta t ing  frame 
from t h e  r o o t  r e a c t i o n  of t h e  i n d i v i d u a l  b l ades  i n  t h e  r o t a t i n g  frame. The 
o r i g i n  of t h e  summation ope ra t ion  i s  c lear ,  and t h e  s i n  Jlm o r  cos $m 
f a c t o r s  a r i se  when t h e  r o t a t i n g  f o r c e s  are  reso lved  i n t o  t h e  nonro ta t ing  
frame. One may, i n  f a c t ,  view t h e  equat ion  conversion o p e r a t o r s  i n  gene ra l  as 
simply r e s o l v i n g  t h e  moments on the  i n d i v i d u a l  b l ades  i n t o  t h e  n o n r o t a t i n g  
frame . 

The Four i e r  coord ina te  t ransformat ion  i s  o f t e n  a s s o c i a t e d  i n  r o t o r  dynam- 
The l a t t e r  i s  a s t a b i l i t y  a n a l y s i s  i c s  w i t h  t h e  gene ra l i zed  Floquet  a n a l y s i s .  

f o r  l i n e a r  d i f f e r e n t i a l  equat ions  wi th  p e r i o d i c  c o e f f i c i e n t s .  Indeed,  t h e r e  
is a fundamental l i n k  between t h e s e  t o p i c s  because both are a s s o c i a t e d  w i t h  
t h e  r o t a t i o n  of  t h e  system. However, they are,  i n  f a c t ,  t r u l y  s e p a r a t e  sub- 
j e c t s  - e i t h e r  can be r equ i r ed  i n  t h e  r o t o r  a n a l y s i s  wi thout  t h e  o t h e r .  For 
example, a r o t o r  i n  a x i a l  f low on a f l e x i b l e  support  (o r  wi th  some o t h e r  
r e l a t i o n  t o  t h e  nonro ta t ing  frame) r e q u i r e s  t h e  Four i e r  coord ina te  transforma- 
t i o n  t o  r e p r e s e n t  t h e  b lade  motion, bu t  i s  then a cons t an t  c o e f f i c i e n t  system. 
A l t e r n a t i v e l y ,  f o r  t h e  sha f t - f ixed  dynamics of a r o t o r  i n  forward f l i g h t ,  a 
s ing le-b lade  r e p r e s e n t a t i o n  i n  t h e  r o t a t i n g  frame i s  a p p r o p r i a t e ,  bu t  t h e r e  
are p e r i o d i c  c o e f f i c i e n t s  due t o  t h e  forward f l i g h t  aerodynamics which require 
t h e  Floquet  a n a l y s i s  t o  determine t h e  system s t a b i l i t y .  

For t h e  p r e s e n t  i n v e s t i g a t i o n ,  t h e  degrees  of freedom t o  be  transformed 
t o  the n o n r o t a t i n g  frame are b lade  bending, b l ade  p i t c h ,  and gimbal motion. 
The nomenclature f o r  t he  corresponding degrees  of freedom i n  t h e  r o t a t i n g  and 
n o n r o t a t i n g  frames are as fol lows:  

Rot a t  i n g  Nonrotat  i n g  

Bend i n  g 

(m> 
P i  P i t c h / t o r s i o n  

Gimbal 'G' ' G  'GC '  'GS 

Rotor speed $53 JlS  
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The n o t a t i o n  B(i) is  used f o r  t he  i t h  bending mode i n  t h e  n o n r o t a t i n g  
frame. 
t he  fundamental l a g  mode, and B ( 2 )  t h e  fundamental f l a p  mode. S i m i l a r l y ,  

modes e l a s t i c  t o r s i o n .  The c o l l e c t i v e  and c y c l i c  modes (O,lC,lS) are p a r t i c u -  
l a r l y  important  because of t h e i r  fundamental r o l e  i n  the  coupled motion of t h e  
r o t o r  and t h e  n o n r o t a t i n g  system. When t h e  t r ans fo rma t ion  of t h e  equa t ions  
and degrees  of freedom i s  accomplished, f o r  a x i a l  flow t h e r e  i s  a complete 
decoupling of t h e  v a r i a b l e s  i n t o  t h e  fol lowing sets: 

With t h e  modes ordered according t o  frequency, B ( l )  is  thus  u s u a l l y  

i s  t h e  i t h  t o r s i o n  mode, w i th  e ( o )  r i g i d  p i t c h  and t h e  remaining 

( a )  t h e  c o l l e c t i v e  and c y c l i c  (O,lC,lS) r o t o r  degrees  of freedom 
t o g e t h e r  w i th  t h e  gimbal t i l t  and r o t o r  speed degrees  of freedom and t h e  r o t o r  
s h a f t  motion 

(b) I t h e  2C,2SY ..., nc ,ns ,  and N / 2  r o t o r  deg rees  of freedom ( a s  p r e s e n t )  

Thus t h e  r o t o r  motion i n  t h e  f i r s t  set is  coupled with t h e  f i x e d  system, wh i l e  
t h e  second se t  c o n s i s t s  of pu re ly  i n t e r n a l  r o t o r  motion. Nonaxial f low 
couples ,  t o  some e x t e n t ,  a l l  t h e  r o t o r  degrees  of freedom and t h e  f i x e d  system 
v a r i a b l e s ,  p r i m a r i l y  due t o  t h e  aerodynamic terms; s t i l l  t h e  above s e p a r a t i o n  
of t h e  degrees  of freedom remains a dominant f e a t u r e  of t h e  r o t o r  dynamic 
behavior. 

I n  t h i s  s e c t i o n ,  on ly  t h e  case of a three-bladed r o t o r  i s  considered;  
t hus  t h e  c o l l e c t i v e  and c y c l i c  r o t o r  degrees  of freedom (O,lC,lS) are t h e  com- 
p l e t e  d e s c r i p t i o n  of t h e  r o t o r  motion. The equa t ions  are extended t o  a 
gene ra l  number of b l a d e s  i n  s e c t i o n  4 .  With f o u r  o r  more b l a d e s ,  a d d i t i o n a l  
degrees  of freedom are introduced compared t o  t h e  N = 3 case, w h i l e  t h e  
two-bladed r o t o r  r e q u i r e s  s p e c i a l  c o n s i d e r a t i o n .  

2.2.15 Equations of motion- The elements are now a v a i l a b l e  t o  c o n s t r u c t  
t h e  equa t ions  of motion f o r  t h e  b l a d e  bending and t o r s i o n  modes i n  t h e  r o t a t -  
i n g  frame and t o  c o n s t r u c t  t h e  f o r c e s  and moments a c t i n g  on t h e  hub due t o  one 
b l ade .  The fo l lowing  s t e p s  are r equ i r ed :  

~ 

(a )  S u b s t i t u t e  f o r  t h e  expansions of t he  bending and t o r s i o n  motion as 
series i n  t h e  modes. 

(b) Use t h e  a p p r o p r i a t e  modal equa t ion  t o  i n t r o d u c e  t h e  mode n a t u r a l  
frequency i n t o  t h e  bending o r  t o r s i o n  equa t ion ,  r e p l a c i n g  t h e  s t r u c t u r a l  

I s t i f f n e s s  terms (and f o r  bending a l s o  some of t h e  c e n t r i f u g a l  s t i f f n e s s  terms) .  
-b 

( c )  For t h e  bending equa t ion ,  o p e r a t e  w i t h  &' T&' (. . . ) d r  t o  o b t a i n  t h e  
o rd ina ry  d i f f e r e n t i a l  euqa t ion  f o r  t h e  k t h  mode of t h e  mth b l a d e  (qk 
e q u a t i o n ) .  

(d) For t h e  t o r s i o n  equa t ion ,  o p e r a t e  wi th  l:FA6k(. . . ) d r  t o  o b t a i n  t h e  

o r d i n a r y  d i f f e r e n t i a l  equa t ion  f o r  t h e  
e q u a t i o n ) .  

k t h  mode of t h e  mth b l a d e  (pk 
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The r e s u l t  i s  t h e  equa t ions  of motion and hub r e a c t i o n s  i n  t h e  r o t a t i n g  
frame. The t r ans fo rma t ion  t o  the  nonro ta t ing  frame invo lves  t h e  fol lowing 
s t e p s  : 

(a) Operate  on t h e  hub f o r c e  and moment wi th  ;( ...); t h a t  i s ,  sum over 
a l l  N b l a d e s  t o  o b t a i n  t h e  t o t a l  f o r c e  and moment on t h e  hub. 

t t  -+ 
(b) Find t h e  is, JS ,  and kS components of t h e  f o r c e  and moment i n  t h e  

n o n r o t a t i n g  frame (S system). 

+ +  -$ t f  (c) Write t h e  s h a f t  motion a,, wo, and wo i n  terms of t h e  is, J S ,  and + 
kS components i n  t h e  n o n r o t a t i n g  frame ( S  system). 

(d) Apply t h e  Four i e r  coord ina te  t ransform t o  t h e  equa t ions  of motion 

and i n t r o d u c e  
and r o t o r  degrees  of freedom- o p e r a t e  on t h e  equa t ions  f o r  bending and t o r -  
s i o n  w i t h  

t h e  n o n r o t a t i n g  degrees  of freedom. 

( l /N)E(.  . .) , (2/N)Z(. . . ) c o s  qm, (2/N)g(. . . ) s i n  qm 

N a m e s  are now given t o  a l l  t h e  i n e r t i a l  c o n s t a n t s .  The equa t ions  of 
motion, hub f o r c e s  and moments, and i n e r t i a  c o n s t a n t s  are a l s o  normalized a t  
t h i s  p o i n t .  The i n e r t i a  c o n s t a n t s  are d iv ided  by t h e  r o t o r  b l a d e  cha rac t e r -  
i s t i c  i n e r t i a  
y = pacR4/Ib. 
s u p e r s c r i p t  *. The r o t a t i n g  equa t ions  of motion are d iv ided  by I b ;  t h e  hub 
f o r c e s  and moments are d iv ided  by (N/2)1b, except f o r  t h e  r o t o r  t h r u s t  and 
torque,  which are d iv ided  by NIb. With t h i s  p a r t i c u l a r  no rma l i za t ion ,  t h e  
f o r c e s  and moments are obtained i n  r o t o r  c o e f f i c i e n t  form. 

I b  = l $ r 2 m  d r y  and w e  i n t roduce  t h e  b l ade  Lock number 
Th i s  no rma l i za t ion  of t h e  i n e r t i a  c o n s t a n t s  is  denoted by 

The r e s u l t i n g  hub f o r c e s  and moments are  as fo l lows .  (The i n e r t i a l  
c o e f f i c i e n t s  are de f ined  i n  appendix A l . )  

-+ -(i) 

- (2) a e r o  

2cY 
y T T -  
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The gimbal t i l t  equa t ions  of motion are  

2c 
My + I0*CG*f iGC + Io " (VG2 - l ) B G C  = 0 

y.. 

+ I0*CG*iGS + Io " (\'G2 - l ) B G S  = 0 
-y aa 

F i n a l l y ,  t h e  equa t ions  of motion f o r  coupled f l a p f l a g  bending and f o r  e l a s t i c  
t o r s i o n l r i g i d  p i t c h  of t h e  b l ade  i n  the  r o t a t i n g  frame are 

" + I" XBGS - I" 2 (B + B ~ )  - S* -(ijG + 2 i G  - eG)  + s ~ ~ ~ K ~ ; ~  
'ka B G  'ka 'ka 

-f .. + s* ( e l c  s i n  J, - e l S  cos + m ) ~ s  - S" ZBih - S* iBGh s i n  +m - yh COS Q,) 
'k 'k m 'k0 

-f .. .. + I* 1 bE - I" kB[(ax + 2; ) s i n  J,m - (ay - 2ix)c0s Qm] 
B z  'ka Y 'ka 
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Note t h a t  t h e  s t r u c t u r a l  damping t e r m s  have been inc luded  i n  t h e  bending and 
t o r s i o n  equa t ions ,  modeled as equ iva len t  v i scous  damping. The s t r u c t u r a l  
damping parameter  gs (equal  t o  t w i c e  t h e  equ iva len t  damping r a t i o )  g e n e r a l l y  
i s  d i f f e r e n t  f o r  each degree  of freedom. The bending and t o r s i o n  equa t ions  i n  
t h e  n o n r o t a t i n g  frame are presented  l a t e r  ( s e c t i o n  2 . 6 ) .  (The i n e r t i a l  c o e f f i -  
c i e n t s  are de f ined  i n  appendix A , )  

The aerodynamic f o r c e s  r equ i r ed  are  

Fx 2 = c ( i n  JIm [ - ac d r  + cos  $m 

2c 

- = -  2 r d r  m m a a  N 

- = -  "' - cos 4, l1 2 r d r  
m (sa N 

C 

o a  N 
= 2 r d r  

d r  Ma 
= [ 'k ac - d r  - 

1 M p a e r o  k 
ac r FA (k 1 FA 

1 where 
+ -b 
XAk = Xk - SkXIT: 
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2 . 3  Aerodynamic Analys is  

I n  t h i s  s e c t i o n ,  t h e  aerodynamic f o r c e s  and moments on t h e  r o t o r  b lade  
are der ived .  W e  s h a l l  cons ide r  t h e  g e n e r a l  ca se  of h igh  o r  low inf low and 
ax ia l  o r  nonaxia l  f l i g h t .  The aerodynamic terms i n  t h e  r o t o r  equat ions  of  
motion and t h e  hub f o r c e s  and moments are obta ined  f o r  two cases: a x i a l  f low,  
which involves  cons t an t  c o e f f i c i e n t  equa t ions ,  and nonaxia l  flow w i t h  p e r i o d i c  
c o e f f i c i e n t s .  

The p r i n c i p a l  assumptions i n  t h e  aerodynamic a n a l y s i s  are: l i f t i n g  l i n e  
theory  ( i . e . ,  s t r i p  theory  o r  b l ade  element theory)  i s  used t o  c a l c u l a t e  t h e  
s e c t i o n  loading;  t h e  o r d e r  c ( r o t o r  chord) t e r m s  i n  t h e  aerodynamic l i f t  are 
neg lec t ed ;  t h e  o r d e r  c 3  terms i n  t h e  aerodynamic moment are neg lec t ed ;  v i r -  
t u a l  mass aerodynamic f o r c e s  and moments are neg lec t ed ;  only f i r s t - o r d e r  
v e l o c i t y  terms are r e t a i n e d ;  and aerodynamic i n t e r f e r e n c e  e f f e c t s  between t h e  
r o t o r  and suppor t  are neg lec t ed .  The a n a l y s i s  i nc ludes  reverse-f low and 
la rge-angle  e f f e c t s .  The e f f e c t s  o f  t r a n s i e n t  i n f low changes on t h e  system 
dynamics are a l s o  inc luded ,  us ing  an  elementary model descr ibed  i n  s e c t i o n  2.5.  

2.3.1 Section aerodynamic forces- A hub p lane  r e fe rence  frame i s  used f o r  
t h e  aerodynamic forces. A l l  f o r c e s  and v e l o c i t i e s  a r e  then  reso lved  i n  t h e  
hub p l ane  (i.e., i n  t h e  B system).  The hub p lane  r e f e r e n c e  frame i s  f i x e d  
wi th  r e s p e c t  t o  t h e  s h a f t ;  hence i t  is  t i l t e d  and d i sp laced  by t h e  s h a f t  
motion. F igure  10 i l l u s t r a t e s  t h e  f o r c e s  and v e l o c i t i e s  o f  t h e  b l ade  s e c t i o n  
aerodynamics. The v e l o c i t y  o f  t h e  a i r  seen  by t h e  b l ade ,  t h e  p i t c h  a n g l e ,  and 
t h e  a n g l e  of  a t t a c k  a re  de f ined  as: 8 i s  t h e  b l ade  p i t c h ,  measured from t h e  
r e f e r e n c e  p lane ;  UT,  up, and uR are t h e  components of  t h e  a i r  v e l o c i t y  seen  
by t h e  b l ade ,  r e so lved  wi th  r e s p e c t  t o  t h e  r e f e r e n c e  frame; U =  UT^ + up2)1/2 
i s  t h e  r e s u l t a n t  a i r  v e l o c i t y  i n  t h e  p l ane  o f  t h e  s e c t i o n ;  4 = tan-’ uP/uT i s  
t h e  induced ang le ;  and et = 0 - 4 i s  t h e  s e c t i o n  ang le  of a t t a c k .  The veloc-  
i t y  9 
t h e  hub p l ane ,  p o s i t i v e  r a d i a l l y  outward a long  t h e  b l ade ;  and up is  normal 
t o  t h e  hub p l ane ,  p o s i t i v e  down through t h e  r o t o r  d i s k .  The aerodynamic 
f o r c e s  and moment on t h e  s e c t i o n ,  a t  t h e  e l a s t i c  a x i s ,  are de f ined  as: L and 
D are  t h e  aerodynamic l i f t  and d rag  f o r c e s  on t h e  s e c t i o n ,  r e s p e c t i v e l y ,  
normal and p a r a l l e l  t o  t h e  r e s u l t a n t  v e l o c i t y  U; F, and Fx are t h e  compo- 
n e n t s  of t h e  t o t a l  aerodynamic f o r c e  on t h e  s e c t i o n  reso lved  wi th  r e s p e c t  t o  
t h e  hub p l ane ,  normal t o  and i n  t h e  p lane  of t h e  r o t o r ;  Fr 
f o r c e  on t h e  b l ade ,  p o s i t i v e  outward (same d i r e c t i o n  as p o s i t i v e  UR);  and 
Ma 
The r a d i a l  f o r c e s  due t o  t h e  t i l t  of  
hence Fr c o n s i s t s  on ly  of  t h e  r a d i a l  d rag  fo rce .  

i s  i n  t h e  hub p l ane ,  p o s i t i v e  i n  t h e  b l ade  drag  d i r e c t i o n ;  UR is  i n  

i s  t h e  r a d i a l  d rag  

i s  t h e  s e c t i o n  aerodynamic moment about  t h e  e l a s t i c  a x i s ,  p o s i t i v e  nose-up 
F, and Fx are  cons idered  s e p a r a t e l y ;  

The s e c t i o n  l i f t  and d rag  are  

1 
2 R L = - pu2cc 

1. 
2 d D = -- pU2cc 
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where U i s  t h e  r e s u l t a n t  v e l o c i t y  a t  t h e  s e c t i o n ,  p i s  t h e  a i r  d e n s i t y ,  and 
c i s  t h e  chord o f  t h e  b l ade .  The a i r  d e n s i t y  i s  dropped a t  t h i s  p o i n t  i n  t h e  
a n a l y s i s  whi le  t h e  q u a n t i t i e s  a re  made dimensionless  by use  of  p,  R ,  and R.  
The s e c t i o n  l i f t  and d rag  c o e f f i c i e n t s ,  c R  = c R ( a ,  M) and Cd = c d ( a ,  M) are 
func t ions  of  t h e  s e c t i o n  angle  of a t t a c k  and Mach number: 

a = 0 - 4 = 0 - tan-l  u /u  P T  

= %IPU 

where MTIP i s  t h e  t i p  Mach number - t h e  r o t o r  t i p  speed RR d iv ided  by t h e  
speed of sound. The dependence of  C R  and Cd on o t h e r  q u a n t i t i e s ,  such as 
t h e  l o c a l  yaw a n g l e  o r  unsteady ang le  of a t t a c k  changes,  i s  neg lec t ed .  The 
r a d i a l  d rag  f o r c e  i s  

1 
F = (u  / U ) D  = - Uu cc r R 2 R d  

Th i s  r a d i a l  d rag  f o r c e  i s  based on the  assumption t h a t  t h e  v i scous  d rag  f o r c e  
on t h e  s e c t i o n  has  t h e  same sweep a n g l e  as t h e  l o c a l  s e c t i o n  v e l o c i t y .  The 
moment about t h e  e l a s t i c  a x i s  i s  

AC + %S 
M a = - x  L + M  A e 

m + M U S  - u*cc + L u2c2c 
- -XA 7 a 2  a c  e 

where XA i s  t h e  d i s t a n c e  t h e  aerodynamic c e n t e r  i s  behind t h e  e l a s t i c  a x i s ,  
C i s  t h e  s e c t i o n  moment about t h e  aerodynamic c e n t e r  ( p o s i t i v e  nose-up), 

and MUS i s  t h e  unsteady aerodynamic moment. The e f f e c t i v e  d i s t a n c e  between 
t h e  aerodynamic c e n t e r  and e l a s t i c  a x i s  i s  

ma c 

Normal flow A X 

x =  
e Reverse flow 

For t h e  s e c t i o n  aerodynamic moment, i t  is  necessary t o  i n c l u d e  t h e  unsteady 
aerodynamic t e r m s ,  which, from t h i n  a i r f o i l  theory ( r e f .  7 ) ,  a re  

ac 32 
A C e + 16 (%)I + (i + uRwl) (1 + 4 %)} sign(V) 

X 

- -  

Here w is t h e  upwash v e l o c i t y  normal t o  t h e  b l ade  s u r f a c e  
(w = UT s i n  0 - up cos  e ) ,  B = dwldx (mainly, t h e  p i t c h  ra te  
V = UT cos  0 + up s i n  0 .  
(Mus = 0) .  

i ) ,  and 
For s t a l l e d  flow, t h e  unsteady moment i s  se t  t o  ze ro  
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I The aerodynamic f o r c e s  w i t h  r e s p e c t  t o  t h e  hub p l ane  axes  are then  

F = L cos I$ - D s i n  I$ = (LuT - Dup)/U 
Z 

F = L s i n  4 + D cos I$ = (L"p + DuT)/U 
X 

S u b s t i t u t i n g  f o r  L and D and d i v i d i n g  by a ,  t h e  two-dimensional s e c t i o n  
l i f t - c u r v e  s l o p e ,  and by cm, t h e  mean s e c t i o n  chord (which e n t e r  t h e  Lock 
number y a l s o )  , w e  o b t a i n  

R C 

ac 

C 

ac 

d c  C Fr 
ac - uuR % < _ -  

cc m 

ac 2a 
R C 

u2  2a + u2 ___ 
m e 

The n e t  r o t o r  aerodynamic f o r c e s  are  obta ined  by i n t e g r a t i n g  t h e  s e c t i o n  
f o r c e s  over  t h e  span of  t h e  b lade  and then  summing over  a l l  N b l ades .  

2 .3 .2  Perturbation forces- Each component o f  t h e  v e l o c i t y  seen  by t h e  
b l ade  has  a t r i m  t e r m  due t o  ope ra t ion  of t h e  r o t o r  i n  i t s  t r i m  equ i l ib r ium 
s t a t e  and a p e r t u r b a t i o n  t e r m  due t o  t h e  per turbed  motion of t h e  system. The 
l a t t e r  r e s u l t s  from t h e  system degrees  of freedom and i s  assumed t o  be  s m a l l  
when t h e  l i n e a r  d i f f e r e n t i a l  equa t ions  t h a t  desc r ibe  t h e  dynamics are  obta ined .  
The b l ade  p i t c h  and s e c t i o n  v e l o c i t i e s  are  w r i t t e n  t r i m  p l u s  p e r t u r b a t i o n  
terms : 

u =- u + &UT T T 

* u + 6UR UR R 

I It fo l lows  t h a t  t h e  p e r t u r b a t i o n s  of  a, U ,  and M are  
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6U = (UT6UT + Up6up)/U 

and the perturbations of the aerodynamic coefficients are 

L L 6a + - 6M = cR 6a + c 
a aM 

6c = - R aa 

(similarly f o r  cm and Cd). 
forces may then be obtained by carrying out the differential operation on the 
expressions for 
perturbations in terms of 68,   UT, 6up, and 6uR. The coefficients of the 
perturbation quantities are then evaluated at the trim state. 
the perturbation forces are? 

The perturbations of the section aerodynamic 

F,, F,, Fr, and Ma, using the above results to express the 

The results for 

- -  a '") + (3 + M 2) 68 + [- 2 (. 2a 

R C 

m 

a R C 2 

- (2 + M 2) % - 2 U] 5 m 6up + [% (uT 2a - 9 

= F 68 + FZ 6up + F 6uT 
T z e P Z 

R 

P 2a 

C C C 
Fx Ra 

6 - ac = (.. 2a + UUT m 

C C 
R 
2a 

+ - C U + (2 + M?) F] 5 6up + [% (U - 4 -  U %) 
P 2a T 2a m 

= F, + F, 6% + Fx 6uT 
8 P T 

51 



The r e s u l t  f o r  t h e  t r i m  v e l o c i t y  terms i s  

+ IJ cos J,m[6 - 6 + B 
FA1 FA2 G t r i m  

- + *  + r b  “p = X + iB (zoi - xokItrim -+ -f 

G t r i m  

1 + IB* (z01 -t - XokItrim + I  

+ I  1 + zB [ ( z o i  - xokltrim - r ( z o i  - xok) t r i m  
+ -+ -+ 

u R = p cos J,, + (xFA + 
-+ -f - +  - 6  + B  + iB (z01 - 

FA1 FA2 G t r i m  

*ok) + ’  t r i m  1 -f -t - k B *  (z01 - + p s i n  $m[6 
FA 3 

and f o r  t h e  t r i m  p i t c h  angle:  

- % . q i  
1 t r i m  - 5 ’ G  + e  

G t r i m  c o l l  + 8 t w  cyc e = e  

Here 0 is  t h e  i n p u t  c y c l i c  p i t c h  r equ i r ed  t o  t r i m  t h e  r o t o r .  For t r i m  
velocit;ycthe b l ade  bending and gimbal motion i s  p e r i o d i c .  
IJ = 0,  t h e  t r i m  v e l o c i t i e s  are cons t an t ;  f o r  nonaxial  f low, IJ > 0 ,  t h e s e  
v e l o c i t i e s  are p e r i o d i c  i n  Jlm 
t o  t h e  r o t o r  forward v e l o c i t y .  

For a x i a l  f l i g h t ,  

due t o  t h e  r o t a t i o n  of t h e  b l ade  w i t h  r e s p e c t  

The r e s u l t  f o r  t h e  p e r t u r b a t i o n s  of t h e  v e l o c i t y  components and t h e  blade 
p i t c h ,  due t o  t h e  r o t o r  and s h a f t  motion and t h e  aerodynamic g u s t ,  is  then: 

= - ( A Q ~  + jTh + v ) s i n  $m + (XQ - < + uG)cos 9,- X B ~ -  IJ s i n  qm(az + J,,) 
6uR G Y 

-+ -+ -+ t - +  + E qi[kB (rli - ‘r:; - ~-r s i n  J, m i  rl!) - A l g a  n f l  

6 0  = B = c pisi 
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F i n a l l y ,  t h e  q u a n t i t i e s  r equ i r ed  f o r  t h e  unsteady p i t c h  moment are 

V = u cos 9 + u s i n  9 T P 

2.3 .4  Rotor aerodynamic forces- Combining t h e  expansions f o r  t h e  s e c t i o n  
f o r c e s  and moment i n  terms of t h e  v e l o c i t y  p e r t u r b a t i o n s ,  and t h e  v e l o c i t y  i n  
t e r m s  of  t h e  motion of t h e  r o t o r  and s h a f t ,  w e  may o b t a i n  t h e  p e r t u r b a t i o n s  of 
t h e  aerodynamic f o r c e s  on t h e  blade.  
l i n e a r  combinations of  t h e  degrees  of freedom. 
namic c o e f f i c i e n t s  a t  t h i s  p o i n t  i n  the  a n a l y s i s ,  t he  r e s u l t s  f o r  t h e  r equ i r ed  
aerodynamic f o r c e s  on t h e  r o t a t i n g  b lade  are as fo l lows .  
f o r c e  f o r  r o t o r  bending i s  

These are t h e  b l ade  f o r c e s  expanded as 
Giving names t o  t h e  aerody- 

The aerodynamic 

+ v )cos  $m + (Aa - x d r  = M + M [ ( X a x  + y,, 
Y h  qko qkp 

-; c o s Q m ) + M  B + I : M  * ; l i + Z M  qi 
Y s,B G qkqi qkqi 

+ E M  pi 
qkPi  

1 The r a d i a l  f o r c e  i s  

0 J1 d r  = [ (2 - 2 [BG + 6 
- 6 FA1 FA2 + + k g *  (xoi  + + 

1 F  F 

F 
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The aerodynamic f o r c e  f o r  b l ade  t o r s i o n  and p i t c h  i s  

f M  B +zM * t i + Z M  q i + z M  = b i + Z M  
PkB 'kqi 'kqi 'kPi PkPiPi 

F i n a l l y ,  t h e  aerodynamic hub f o r c e s  and moments are s i m i l a r  t o  t h e  r e s u l t  f o r  
t h e  b l ade  bending, b u t  w i th  t h e  fol lowing changes i n  t h e  in t eg rands  and 
no t  a t  ion  : 

In t eg rand  C o e f f i c i e n t  n o t a t i o n  

rFZ 

rFX 

FZ 

Flap moment 

Torque 

X 
Blade d rag  f o r c e  F 

Thrus t  

Combining t h e  r e s u l t s  f o r  t h e  exapnsion of t h e  aerodynamic f o r c e s ,  and t h e  
expansions of t h e  v e l o c i t i e s ,  t h e  aerodynamic c o e f f i c i e n t s  can be eva lua ted .  
The c o e f f i c i e n t s  of t h e  degrees  of freedom i n  t h e  aerodynamic f o r c e s  are con- 
s t a n t  f o r  a x i a l  f low, b u t  f o r  nonax ia l  f low they  are p e r i o d i c  func t ions  of 
Jim. (The aerodynamic c o e f f i c i e n t s  are de f ined  i n  appendix A2.) 

2.4  Rotor Speed and Engine Dynamics 

The r o t o r  r o t a t i o n a l  speed degree of freedom (GS) i s  f r e q u e n t l y  an  impor- 
t a n t  f a c t o r  i n  r o t o r c r a f t  dynamics. With a t u r b o s h a f t  engine,  t h e  r o t o r  
behaves almost as a windmill .  For a powered wind-tunnel model w i t h  an elec- 
t r i c  motor, t h e  motor i n e r t i a  and damping can s i g n i f i c a n t l y  reduce t h e  r o t o r  
speed p e r t u r b a t i o n s .  The equa t ion  of motion f o r  q S  is  given by t h e  r o t o r  
t o rque  equ i l ib r ium.  
cons t an t  r o t o r  speed and then d e r i v e  a more gene ra l  model i nc lud ing  t h e  engine 
i n e r t i a  and damping. 

W e  s h a l l  examine t h e  extremes of a windmil l ing r o t o r  and 

For windmil l ing o r  a u t o r o t a t i o n  o p e r a t i o n ,  t h e  r o t o r  is  f r e e  t o  t u r n  on 
t h e  s h a f t .  
no s h a f t  r o t a t i o n a l  motion is  tranHmitted t o  t h e  r o t o r .  
f o r  t h e  r o t o r  speed p e r t u r b a t i o n  ( Q s )  is  j u s t  
a x i a l  flow, t h e r e  is  no s p r i n g  t e r m  i n  t h e  Qs equa t ion ,  s o  t h e  system i s  

N o  torque moments are t r a n s m i t t e d  from t h e  r o t o r  t o  t h e  s h a f t  and 
The equa t ion  of motion 

Q = 0 ,  o r  yCQ/aa = 0. I n  
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f i r s t  o r d e r  i n  Qs. The r o t o r  azimuth p e r t u r b a t i o n  Jls i s  de f ined  wi th  
r e s p e c t  t o  t h e  s h a f t  axes ,  which a l s o  have a yaw ang le  
speed p e r t u r b a t i o n  w i t h  respect t o  space is  

az ;  thus  t h e  r o t o r  
qS + &. 

For c o n s t a n t  r o t o r  speed, t h e  Jls degree of freedom and equa t ion  of 
motion are dropped from t h e  system (i.e.,  t h e  a p p r o p r i a t e  row and column are 
e l imina ted  from t h e  c o e f f i c i e n t  matrices). The s o l u t i o n  f o r  t h e  r o t o r  speed 
p e r t u r b a t i o n  is j u s t  Jls = 0, s o  t h e  r o t a t i o n a l  speed wi th  r e s p e c t  t o  t h e  
s h a f t  axes  i s  c o n s t a n t  a t  R. 

Now cons ide r  a more gene ra l  case, i n c l u d i n g  t h e  i n e r t i a  and damping of 
t h e  engine o r  motor. 
does not  have a major r o l e  i n  t h e  r o t o r  dynamics. 
does no t  add degrees  of freedom t o  t h e  a n a l y s i s ,  i t  simply i n c l u d e s  t h e  engine 
i n e r t i a  and damping i n  t h e  r o t o r  torque equ i l ib r ium.  
of course,  ampl i f i ed  by t h e  t r ansmiss ion  gear  r a t i o .  
f o r  Qs i s  then  

Any d r i v e  t r a i n  f l e x i b i l i t y  i s  neg lec t ed  s i n c e  i t  u s u a l l y  
Thus t h e  engine model used 

The engine e f f e c t s  are, 
The equa t ion  of motion 

Q = -IErE2Vs - QarE2$s 

where IE i s  t h e  engine r o t a r y  i n e r t i a ,  r E  is t h e  t r ansmiss ion  gea r  r a t i o ,  
and QQ = dQE/dRE is  t h e  engine speed damping c o e f f i c i e n t .  Normalizing as 
u s u a l ,  t h e  equa t ion  becomes 

C 
4 + rE21E*Gs + rE2QR*$s = 0 aa 

where IE* = IE/NIb and QR* = QR/NIbR. For t h e  windmill ing case ,  IE* and 
QQ* are set t o  zero.  For cons t an t  r o t o r  speed, t h e  Jls degree of freedom 
and equa t ion  are dropped. This  model may a l s o  treat  t h e  engine-out case, f o r  
which t h e r e  i s  no engine damping, by s e t t i n g  QR* = 0. 

The engine damping may be r e l a t e d  t o  t h e  engine t r i m  o p e r a t i n g  c o n d i t i o n  
bY 

r o t o r  P 

E r o t o r  

aQE QE 0 
- K - -  

r 2 ~ 2  
- K  = - =  

0 
Qa anE 

where K i s  a cons t an t  depending on t h e  engine type.  I n  c o e f f i c i e n t  form, 
then , 

n 

r 2~ * = ICY 3 
E a  aa 

i s  t h e  t r i m  r o t o r  t o rque  o r  power c o e f f i c i e n t .  This  expres s ion  is  
where a p p l i c a b  e t o  a wide v a r i e t y  of engines  ( r e f s .  8 t o  1 0 ) .  The cons t an t  t a k e s  
t h e  va lue  K 2 1 f o r  a t u r b o s h a f t  engine ( r e f s .  8 and 9) o r  f o r  a series d.c. 
e l ec t r i c  motor ( r e f .  1 0 ) .  It t akes  the  v a l u e  K 1/(1 - n )  f o r  an  induc t ion  
e lec t r ic  motor o r  an  armature-control led shunt d.c. motor ( r e f .  10 ;  n i s  t h e  
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motor e f f i c i e n c y ) .  For a f i e l d - c o n t r o l l e d  shunt  d . c .  motor,  t h e  only  damping 
i s  mechanical o r  t h e  damping of  t h e  l o a d ,  s o  K 0 ( r e f .  1 0 ) .  For a synchro- 
nous e l ec t r i c  motor, t h e r e  i s  a s p r i n g  on t h e  r o t a t i o n a l  speed due t o  t h e  
motor,  s o  t h e  above model i s  n o t  a p p l i c a b l e  ( r e f .  10 ) .  Genera l ly ,  t h e  i n e r t i a  
of t h e  engine  o r  motor i s  more a f a c t o r  i n  t h e  dynamics than  t h e  damping. 

A r o t o r  speed governor may be  inc luded  i n  t h e  
g r a l  p l u s  p r o p o r t i o n a l  feedback of t h e  r o t o r  speed 
p i t c h  (neg lec t ing  t h e  governor dynamics) g ives  t h e  

model. For example, i n t e -  
p e r t u r b a t i o n  t o  c o l l e c t i v e  
c o n t r o l  equat ion:  

Note t h a t  t h e  i n t e g r a l  feedback (KI # 0) adds a s p r i n g  term t o  t h e  r o t o r  speed 
dynamics. A governor would be  unusual  f o r  a wind-tunnel model u n l e s s  a n  
a c t u a l  h e l i c o p t e r  w a s  be ing  t e s t e d  ( i n  which case, a t h r o t t l e  governor would 
be more l i k e l y ) .  Moreover, t h e  governor has  l i t t l e  e f f e c t  on t h e  r o t o r  
dynamics g e n e r a l l y ,  because i t  i s  b a s i c a l l y  a very-low-frequency feedback 
system. The r o t o r  speed governor has  a more important  r o l e  i n  h e l i c o p t e r  
f l i g h t  dynamics. Thus a more d e t a i l e d  model i s  given i n  p a r t  I1 ( s e c t i o n  9) 
f o r  t h e  governor,  as w e l l  as f o r  the  engine  and t ransmiss ion  dynamics. 

2 .5  Inf low Dynamics 

The aerodynamic f o r c e s  on t h e  r o t o r  r e s u l t  i n  wake-induced in f low veloc- 
i t y  a t  t h e  d i s k ,  f o r  bo th  t h e  t r i m  and t r a n s i e n t  loadings .  The wake-induced 
v e l o c i t y  p e r t u r b a t i o n s  can be  a s i g n i f i c a n t  f a c t o r  i n  t h e  r o t o r  a e r o e l a s t i c  
behavior ;  an  extreme case is  t h e  i n f l u e n c e  of  t h e  shed wake on r o t o r  b l ade  
f l u t t e r  ( r e f .  1 1 ) .  Therefore ,  t h e  r o t o r  i n f low dynamics should be  incorpo- 
r a t e d  i n t o  t h e  a e r o e l a s t i c  a n a l y s i s .  However, t h e  r e l a t i o n s h i p  between t h e  
in f low p e r t u r b a t i o n s  and t h e  t r a n s i e n t  l oad ing  i s  l i k e l y  more complex even 
than  f o r  t h e  s t eady  problem (nonuniform wake-induced inf low c a l c u l a t i o n ) ,  and 
models f o r  t h e  p e r t u r b a t i o n  in f low dynamics are s t i l l  under development. I n  
t h e  p r e s e n t  a n a l y s i s ,  a n  elementary r e p r e s e n t a t i o n  of t h e  inf low dynamics i s  
used. 
pared t o  t h e  wake response)  t h a t  t h e  c l a s s i ca l  a c t u a t o r  d i s k  r e s u l t s  are  
a p p l i c a b l e  t o  t h e  p e r t u r b a t i o n  as w e l l  as t h e  t r i m  in f low v e l o c i t i e s .  

The b a s i c  assumption i s  t h a t  t h e  r o t o r  f o r c e s  vary  s lowly enough (com- 

A c o n t r i b u t i o n  t o  t h e  v e l o c i t y  normal t o  t h e  r o t o r  d i s k  of t h e  fo l lowing  
form i s  considered:  

6% = X + X r cos  Qm + X r s i n  J, 
X Y m 

Here the  p e r t u r b a t i o n  in f low component A i s  uniform over  t h e  r o t o r  d i s k ,  
wh i l e  t h e  inf low due t o  A, and A v a r i e s  l i n e a r l y  over  t h e  d i s k .  The inf low 
dynamics model must re la te  t h e s e  in f low components t o  t h e  t r a n s i e n t  aerody- 
namic f o r c e s  on t h e  r o t o r ,  s p e c i f i c a l l y  t o  t h e  t h r u s t  CT,  p i t c h  moment 
and r o l l  moment 

Y 

cMx. 
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2.5.1 Moment-induced veZocity perturbations- For hover ,  t h e  p e r t u r b a t i o n  
a t  a p o i n t  on t h e  r o t o r  d i s k  may b e  r e l a t e d  t o  t h e  per turba-  inf low 6v( r ,$ )  

t i o n  of t h e  l o c a l  d i s k  load ing  dT/dA by 

dT/dA 6v = - 
2P vo 

where vo i s  h e r e  t h e  t r i m  va lue  of t h e  induced v e l o c i t y .  Th i s  r e s u l t  can be 
de r ived  e i t h e r  by momentum theory f o r  t h e  d i s k  element dA ( c f .  
f o r  s t e a d y  state) o r  by v o r t e x  theory ( r e f .  1 2 ) .  It i s  a p p l i c a b l e  only f o r  
harmonic changes of t h e  b l ade  load ing ,  however, t h a t  i s ,  v a r i a t i o n s  occur r ing  
a t  a frequency w / O  = n / r e v  i n  t h e  r o t a t i n g  frame, where n is a nonzero 
i n t e g e r .  

vo=T/2pAvo 

Assuming a l i n e a r  v a r i a t i o n  of the loading over  t h e  d i s k ,  t h e  p i t c h  and 
r o l l  moments g ive  

r s i n  J, 
6MX 

6M - = - 4 < r c o s ~ , + 4 =  dT 
dA 

I t  fol lows t h a t  dv a l s o  has  a l i n e a r  v a r i a t i o n .  Furthermore, t h e  moments 
invo lve  harmonic ( l / r e v )  l oad ing ,  s o  t h e  above r e s u l t  i s  a p p l i c a b l e ,  and i t  
g ives  i n  c o e f f i c i e n t  form: 

6cM 6cM X 
6X = -2 - r cos J, + 2 - r s i n  J, 

A 0  A0 

where Xo is  t h e  t r i m  inf low r a t i o  ( s e e  s e c t i o n  2.3.3).  This  r e s u l t  can b e  
extended t o  forward f l i g h t  fol lowing t h e  u s u a l  approach of momentum theory.  
The mass flow through t h e  d i f f e r e n t i a l  d i s k  area dA is  determined by t h e  
r e s u l t a n t  v e l o c i t y  through t h e  d i s k ,  so  g e n e r a l l y  
Then dT = 2h 6v g ives  

A = p ( V 2  + vo2)1/2 dA. 

6v = dT/dA 

2 p  j- 
Thus t h e  inf low p e r t u r b a t i o n  becomes 

26CM 26CM 
6~=--------II__rcos~,+ r s i n  J, 

j- j- 
For speeds above t r a n s i t i o n  ( u  above 0 . 1  o r  0.15>, t h i s  i s  approximately 

26CM 26CM 
X 

6~ = - J r  cos JI +- r s i n  JI u ?J 
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which may a l s o  b e  obtained d i r e c t l y  from t h e  d i f f e r e n t i a l  form of t h e  induced 
v e l o c i t y  i n  forward f l i g h t  (Xi cT/2u). 

2.5.2 Thrust-induced veZocity perturbation- Now cons ide r  t h e  inf low 
changes due t o  r o t o r  t h r u s t  t r a n s i e n t s .  The above r e l a t i o n  between 6v and 
dT/dA 
frequency v a r i a t i o n s  of a harmonic b l ade  loading ( r e f .  1 2 ) .  The t h r u s t  
changes correspond t o  low-frequency v a r i a t i o n s  of t h e  mean b lade  load ing ,  and 
thus  a d i f f e r e n t  approach is  requ i r ed .  

is not a p p l i c a b l e  i n  t h i s  case. That r e l a t i o n s h i p  i s  based on low- 

For t h r u s t  p e r t u r b a t i o n s ,  i t  is  p o s s i b l e  t o  simply cons ide r  a pe r tu rba -  
t i o n  form of t h e  hover momentum theory r e s u l t  f o r  t h e  t r i m  inf low,  
Xo = ( C T / ~ ) ~ / ~ .  For low-frequency t h r u s t  changes then,  

6cT a x  
acT 6 c ~  - 4x0 

- -  6A = -  

Note t h a t  t h e  harmonic load ing  r e s u l t  would g i v e  a n  in f low change t w i c e  as 
l a r g e ,  6X = 6CT/2&,. The d i f f e r e n c e  is  due t o  t h e  r o t o r  shed wake. For har- 
monic load ing  (such as l / r ev  v a r i a t i o n s  due to t h e  moments), t h e r e  i s  bo th  
shed and t r a i l e d  v o r t i c i t y  i n  t h e  wake, with h a l f  t h e  in f low p e r t u r b a t i o n  
coming from t h e  shed wake and h a l f  from t h e  t r a i l e d  wake. The r o t o r  t h r u s t  
produces t r a i l e d  wake v o r t i c i t y  only ( i . e . ,  t i p  v o r t i c e s ) ,  and hence h a l f  t h e  
wake i n f l u e n c e  as t h e  r o t o r  hub moments. 

The ex tens ion  t o  forward f l i g h t  is based on t h e  momentum theory r e s u l t  
f o r  t h e  t r i m  inflow: 

A, = p t a n  a + 
HP 2i7T.7 

Then 

(The last  approximation is v a l i d  f o r  small inf low.)  
r e s u l t  ob ta ined  f o r  t h e  in f low p e r t u r b a t i o n  due t o  t h e  unsteady t h r u s t  and 
moment changes i s  

In  summary then ,  t h e  

26CM 26CM 

r cos J ,  + r s i n  J ,  6cT 6X = 
2(Xo + j-) - j- 
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2.5.3 L i f t  deficiezcy function- Wake effects in unsteady aerodynamic 
theory are often represented by a lift deficiency function. 
deficiency function implied by the above results. 
roll moments on the disk may be written: 

Consider the lift 
The aerodynamic pitch and 

(:) 
where QS means the quasistatic loading, that is, all moment terms except 
those due to the wake. The induced velocity change due to the hub moments is 
given above as 

Substituting for the inflow changes produces 

(?) = c  

where the lift deficiency function C is 

1 r ! =  
Y aa 

8 i- 1 +  

Thus all rotor aerodynamic hub moments are reduced by the factor 
the rotor wake influence, which can significantly affect the dynamic behavior. 
For forward flight, the lift deficiency function is 

C due to 

and, for hover, 

1 
C =  1 + (aa/8A0) 
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The hover r e s u l t  i s ,  i n  f a c t ,  t h e  same as t h e  low reduced frequency,  harmonic 
load ing  l i m i t  of Loewy's l i f t  de f i c i ency  func t ion  ( s e e  r e f s .  11 and 1 2 ) .  
M i l l e r  shows t h a t  i t  i s  a good approximation t o  t h e  r ea l  p a r t  of Loewy's func- 
t i o n  t o  a t  least  a reduced frequency of 0.5, a l though i t  n e g l e c t s  t h e  phase 
s h i f t  e n t i r e l y ,  of course  ( r e f .  1 2 ) .  

I S i m i l a r l y ,  t h e  aerodynamic t h r u s t  changes can b e  w r i t t e n :  

and t h e  inf low p e r t u r b a t i o n  is  

A =  cT 

2(h0 + j-) 

Hence 

cT 
- (sa = (2)Qs 

with  t h e  l i f t  d e f i c i e n c y  func t ion  here :  

1 c =  - 1 +  aa 

8(A0 + i-) 
For forward f l i g h t ,  t h i s  g ives  t h e  same func t ion  as f o r  t,.e moments, while f o r  
hover t h e  t h r u s t  changes g ive  

1 
(sa 1+ -  16A0 

c =  

Thus t h e  wake e f f e c t s  reduce t h e  aerodynamic t h r u s t  f o r c e s  by t h e  f a c t o r  C ;  
t h e  r educ t ion  i n  hover is  not  as l a r g e  as f o r  t h e  moments, however, because of 
t h e  shed wake e f f e c t s  f o r  moments. 

Typica l  va lues  of the  l i f t  de f i c i ency  func t ion  from t h e  above express ions  
are C 2 0.8 f o r  forward f l i g h t ;  C 0 .7  f o r  t h r u s t  changes i n  hover;  and 
C 0.5 f o r  moment changes i n  hover.  I n  p r a c t i c e ,  i t  is  more convenient  t o  
inco rpora t e  t h e  inf low in f luence  i n  the  a e r o e l a s t i c  a n a l y s i s  u s ing  a d i f f e r -  
e n t i a l  equat ion  model r a t h e r  than  a l i f t  de f i c i ency  func t ion .  The l i f t  
de f i c i ency  func t ion  i s  u s e f u l ,  however, i n  e s t ima t ing  t h e  magnitude of  t h e  
wake e f f e c t s .  
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2.5.4 Inf low due t o  veloci ty  perturbations- P e r t u r b a t i o n s  of t h e  r o t o r  
v e l o c i t y  w i l l  a l s o  produce a wake-induced v e l o c i t y  change because of t h e  change 
of t h e  mass flow through t h e  d i s k .  Consider aga in  t h e  momentum theory  r e s u l t  
f o r  t h e  t r i m  induced v e l o c i t y :  

Then, f o r  low-frequency changes of t h e  r o t o r  i np lane  and normal v e l o c i t y  com- 
ponents  (p and p z ) ,  t h e  induced v e l o c i t y  p e r t u r b a t i o n  i s  ~ 

I 

CT(1.16U + h 0 6 Q  

2 ($ + x , 2 ) 3 / 2  + CTX0 
6X = - 

1 For hover ,  t h i s  reduces t o  

and,  f o r  forward f l i g h t ,  

Inc lud ing  t h e  t h r u s t  t e r m ,  t h e  t o t a l  p e r t u r b a t i o n  of t h e  uniform induced 
v e l o c i t y  component is  then  

6 h  = 
2(A0 + 4-1 

The s i m p l e s t  means o f  i nco rpora t ing  t h e  r o t o r  v e l o c i t y  p e r t u r b a t i o n  terms i n  
t h e  a n a l y s i s  is  t o  t rea t  them as a d d i t i o n a l  t e r m s  i n  t h e  t h r u s t  p e r t u r b a t i o n .  
To complete t h i s  expres s ion ,  i t  i s  necessary  t o  i d e n t i f y  t h e  v e l o c i t y  pe r tu r -  
b a t i o n s .  S ince  t h e  v e l o c i t y  components are i n  t h e  s h a f t  axes ,  t h e  cont r ibu-  
t i o n s  of t h e  s h a f t  motion and aerodynamic g u s t s  are: 
6py = $h + VG, and 
induced v e l o c i t y  change because t h e  mass f low through t h e  r o t o r  d i s k  depends 
on ly  on t h e  magnitude o f  t h e  r e s u l t a n t  v e l o c i t y .  

I 

, 6px = -i+, + UG, 

6 p z  = kh - WG. The s h a f t  angular  motion g ives  no n e t  

2.5.5 Inflow dynamics model- Consider ing an  in f low p e r t u r b a t i o n  c o n s i s t -  
i n g  o f  uniform and l i n e a r  ( l / r e v )  components, 

6X = X + Xxr cos JI + X r s i n  JI Y 

6 3  



t h e  a n a l y s i s  above has  r e l a t e d  t h e s e  t e r m s  t o  t h e  
t h r u s t  and hub moments on t h e  r o t o r  as: 

r 1 

L 
I 

This  r e l a t i o n s h i p  might be gene ra l i zed  t o  

-+ a x  = -  
aL 

p e r t u r b a t i o n  aerodynamic 

where aA/aL may be a f u l l  nine-element matrix. Here w e  s h a l l  cons ide r  only 
t h e  d i agona l  t e r m s  ob ta ined  f r o m  momentum and vo r t ex  theory.  A s  a f u r t h e r  
g e n e r a l i z a t i o n ,  a t i m e  l a g  i n  t h e  inf low response t o  loading  changes can be 
inc luded  by in t roduc ing  a f i r s t - o r d e r  t i m e  l a g  term: 

Following r e fe rence  1 2 ,  l e t  T = ~ ( a h / a L ) ,  where K i s  a d iagonal  matrix: 

The va lues  K~ = 0.85 and K~ = K~ = 0.11 are from re fe rence  13.  Refer- 
ences  1 3  and 14  show t h a t  t h e s e  va lues  f o r  t h e  t i m e  l a g  c o r r e l a t e  f a i r l y  w e l l  
w i t h  experiment,  and a l s o  t h a t  t h e  l a g  does n o t ,  i n  f a c t ,  have a very important  
r o l e  i n  t h e  dynamics. 

I n  summary then ,  t he  inf low dynamics model c o n s i s t s  of a set of f i r s t -  
o r d e r ,  l i n e a r ,  d i f f e r e n t i a l  equat ions  f o r  t h e  inf low v a r i a b l e s  A,  A,, and A y :  

64 



0 .  +,/-) ( ‘T) a e r o  

K 

y - A + -  a a  o a  K2 Kf2 7 A =  Y -  aa 

ae ro  

2% . 
A x  + - 

y.. 

aa a e r o  

Expressions f o r  t h e  aerodynamic t h r u s t  and moment t o  complete t h e s e  equa t ions  
may be obta ined  above. I t  is  a l s o  necessary  t o  inc lude  t h e  aerodynamic 
f o r c e s  due t o  t h e  inf low p e r t u r b a t i o n s  i n  t h e  equat ions  of motion f o r  t h e  
r o t o r  degrees  of  freedom. This  is  an  elementary ex tens ion  of  t h e  r e s u l t s  of  
s e c t i o n  2.3, f o r ,  by comparing terms i n  6up, i t  is  seen  t h a t  A corresponds 
t o  Lhy A, t o  -& , and Ay t o  &x. Thus, gene ra l ly ,  t h r e e  degrees  of f ree-  
dom and equa t ions  gave been added t o  t h e  system t h a t  d e s c r i b e s  t h e  r o t o r  
dynamics. 

The t i m e  l a g  is  not  u sua l ly  an  important  f a c t o r ,  so  t h e  q u a s i s t a t i c  model 
f o r  t h e  inf low dynamics i s  gene ra l ly  s u f f i c i e n t .  Dropping t h e  t i m e  l a g  terms, 
t h e  equa t ions  f o r  A ,  A,, and A reduce t o  l i n e a r  a l g e b r a i c  equa t ions .  Thus, 
i n  t h e  q u a s i s t a t i c  case ,  t h e  in?low p e r t u r b a t i o n s  do n o t  i n c r e a s e  t h e  o r d e r  of 
t h e  system. The wake in f luence  reduces t o  an a l g e b r a i c  s u b s t i t u t i o n  r e l a t i o n ,  
which, i f  i nco rpora t ed  a n a l y t i c a l l y ,  would l ead  t o  l i f t  de f i c i ency  func t ions  
as der ived  p rev ious ly  (with large-order  systems,  i t  i s  more p r a c t i c a l  t o  
accomplish t h e  s u b s t i t u t i o n  numer ica l ly) .  

An elementary model has  been presented  f o r  t h e  r o t o r  in f low dynamics. 
Such a model has  shown good c o r r e l a t i o n  wi th  experiment ( r e f s .  1 3  and 141, and 
i t  g ives  t h e  c o r r e c t  low-frequency l i m i t  f o r  t h e  l i f t  de f i c i ency  func t ion  ( c f .  
r e f s .  11 and 1 2 ) .  A more accu ra t e  model w i l l  probably be  necessary  f o r  some 
a p p l i c a t i o n s ,  and a more complex model might be cons t ruc ted ,  b u t  f u r t h e r  
r e sea rch  i n  t h i s  s u b j e c t  i s  requi red  be fo re  a model becomes a v a i l a b l e  which is  
uniformly more v a l i d  than t h a t  presented  here .  

2.6 Rotor Equat ions of Motion 

2.6.1 Inertia coefficients- A t  t h i s  p o i n t ,  t h e  l i n e a r  d i f f e r e n t i a l  equa- 
t i o n s  of motion f o r  t h e  r o t o r  model are cons t ruc ted .  The equat ions  of motion 
are i n  the  nonro ta t ing  frame, t h a t  i s ,  t h e  Four i e r  coord ina te  t ransformat ion  
has  been app l i ed  t o  the  bending and t o r s i o n  degrees  of freedom of t h e  b lade .  
For now, only a three-bladed r o t o r  i s  considered (N = 3 ) ;  t h e  equat ions  are 
extended t o  an a r b i t r a r y  number of b l ades  i n  s e c t i o n  4 .  Matrix n o t a t i o n  i s  
used f o r  t h e  equat ions .  The c o e f f i c i e n t  ma t r i ces  are cons t ruc ted  from t h e  
resu l t s  of  t h e  prev ious  s e c t i o n s  (p r imar i ly ,  s e c t i o n s  2 . 2  and 2 .3) .  The vec- 
t o r s  of t h e  r o t o r  degrees  of freedom (xR) ,  s h a f t  motion ( a ) ,  r o t o r  b l ade  p i t c h  
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i n p u t  (vR) ,  aerodynamic gus t  i n p u t  (gs, i n  s h a f t  
moments (F) are de f ined  as: 

x =  R 

F =  

v =  R 

2cH 
y.. 

2cY 
-y (sa 

3 
o a  

2cM 

y.. 

% 
-y aa 

Y 

2c 

c 1 =  

a x e s ) ,  and t h e  hub f o r c e s  and 

- 
gs - 

h 

'h 

h 

X 

z 

Y c1 

% 

Note t h a t ,  i n  t h e  r o t o r  degrees  of freedom (k)  xR, t h e  n o t a t i o n  B ( k )  and 8 
is  in tended  t o  cover  as many bending and t o r s i o n  modes a s  t h e  a n a l y s i s  r e q u i r e s .  
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The equa t ions  of motion f o r  t h e  r o t o r ,  and t h e  hub r e a c t i o n s  t a k e  t h e  
form: 

A2'% + A1< + A O X R  B v ~  + Macro + i2i + A l &  = 

F = C2GR + c,?, + co% + + el& + Faero 

Here only t h e  s t r u c t u r a l  and i n e r t i a l  terms are included i n  t h e  c o e f f i c i e n t  
matrices; Maero and Fa,,, 
matrices are de f ined  i n  appendix Bl.)  

are t h e  aerodynamic f o r c i n g  terms. (These i n e r t i a l  

2.6.2 Aerodynamic coefficients - axial fZm- The aerodynamic terms Fa,,, 
and Maero of t h e  r o t o r  equa t ions  of motion and t h e  hub r e a c t i o n s  are r e q u i r e d  
t o  complete t h e  d i f f e r e n t i a l  equa t ions  of t h e  r o t o r  model. They are ob ta ined  
by summing ove r  a l l  N b l ades  of t h e  b l ade  aerodynamic f o r c e s  i n  t h e  r o t a t i n g  
frame ( s e c t i o n  2.3)  and in t roduc ing  t h e  F o u r i e r  coord ina te  t r ans fo rma t ion  f o r  
t h e  b l ade  bending and t o r s i o n  degrees  of freedom as requ i r ed .  

The case of a r o t o r  o p e r a t i n g  i n  a x i a l  f low (11 = 0) is  considered f i r s t .  
I n  a x i a l  f low, t h e  aerodynamic c o e f f i c i e n t s  f o r  t h e  b l ade  f o r c e s  i n  t h e  r o t a t -  
i n g  frame are c o n s t a n t s ,  independent of t h e  b l ade  azimuth a n g l e  $Jm. The 
c o e f f i c i e n t s  are a l s o  then  e n t i r e l y  independent of t h e  b l ade  index ( m ) ;  hence 
t h e  summation ove r  t h e  N b l ades  o p e r a t e s  only on the  system degrees  of 
freedom, n o t  on t h e  aerodynamic c o e f f i c i e n t s  themselves (which f a c t o r  o u t  of 
t h e  summation). The r e s u l t  f o r  t h e  r equ i r ed  aerodynamic f o r c e s  is  

BGgs 
= A ? + Ao% + il& + Loa - 1 R  -M a e r o  

= C g  + C x  + t l & + t o a + D g  Faero 1 R  O R  G s  

The c o e f f i c i e n t  ma t r i ces  are cons t an t  f o r  a x i a l  f low ( s e e  appendix B2). 

2.6.3 Aerodynamic coefficients - n o n d a l  f l o w -  F i n a l l y ,  t h e  aerodynamic 
terms f o r  t h e  r o t o r  o p e r a t i n g  i n  nonax ia l  flow, IJ > 0, are considered.  I n  
t h i s  ca se ,  t h e  aerodynamic c o e f f i c i e n t s  of t h e  r o t a t i n g  b l a d e  f o r c e s  are 
p e r i o d i c  f u n c t i o n s  of 
t h e  edgewise moving r o t o r .  It  fol lows t h a t  t h e  r o t o r  i n  nonax ia l  f l i g h t  i s  
desc r ibed  by a system of d i f f e r e n t i a l  equa t ions  w i t h  p e r i o d i c  c o e f f i c i e n t s .  

$Jm because of t he  p e r i o d i c a l l y  va ry ing  aerodynamics of 

It is  p o s s i b l e  t o  expres s  t h e  aerodynamic c o e f f i c i e n t s  of t h e  r o t a t i n g  
b l ade  f o r c e s  as Four i e r  series, and then t o  o b t a i n  t h e  c o e f f i c i e n t s  of t h e  
n o n r o t a t i n g  equa t ions  i n  terms of t h e s e  harmonics. The r e s u l t  i s  r a t h e r  com- 
p l i c a t e d ,  however, and, i n  t h e  p re sen t  a n a l y s i s ,  i t  would even be necessa ry  t o  
numerical ly  e v a l u a t e  t h e  harmonics of t h e  Four i e r  series. The s i m p l e s t  
approach f o r  numerical  work wi th  large-order  systems i s  t o  leave t h e  c o e f f i -  
c i e n t s  of t h e  n o n r o t a t i n g  equa t ions  i n  t e r m s  of t h e  summation over t h e  N 
b l ades  of t h e  r o t o r .  The summation i s  e a s i l y  performed numerical ly ,  and i t  i s  
found t h a t  t h i s  form is a l s o  a p p r o p r i a t e  f o r  a cons t an t  c o e f f i c i e n t  approxima- 
t i o n  t o  t h e  system. 
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The r equ i r ed  aerodynamic f o r c e s  aga in  t a k e  the  form: 

= C 2 + C x + E l &  + E0a + DGgs Faero 1 R  O R  

For nonaxia l  f low, t h e  c o e f f i c i e n t  matrices are p e r i o d i c  func t ions  of  t h e  
b l ade  azimuth ang le  $m = $ + mA$ (A$ = 27r/N). 
s i d e r e d  he re ,  t h e  pe r iod  of t h e  equat ions  i n  t h e  nonro ta t ing  frame i s  
A$ = (2/3)n (120"). (The c o e f f i c i e n t  ma t r i ces  are given i n  appendix B3.) 

For a three-bladed r o t o r  con- 

2 . 7  Constant C o e f f i c i e n t  Approximation 

The r o t o r  dynamics i n  nonaxia l  flow are descr ibed  by a se t  of l i n e a r  d i f -  
f e r e n t i a l  equat ions  wi th  p e r i o d i c  c o e f f i c i e n t s .  A cons tan t  c o e f f i c i e n t  
approximation f o r  nonaxia l  f low i s  d e s i r a b l e  ( i f  i t  i s  demonstrated t o  b e  
a c c u r a t e  enough) because t h e  c a l c u l a t i o n  r equ i r ed  t o  analyze t h e  dynamic 
behavior  is  reduced cons iderably  compared t o  t h a t  f o r  t h e  p e r i o d i c  c o e f f i c i e n t  
equat ions ,  and because t h e  powerful techniques f o r  ana lyz ing  t ime- invar ian t  
l i n e a r  d i f f e r e n t i a l  equat ions  are then  app l i cab le .  However, such a model i s  
only  an approximation t o  t h e  c o r r e c t  a e r o e l a s t i c  behavior .  The accuracy of 
t h e  approximation must be  determined by comparison wi th  t h e  c o r r e c t  p e r i o d i c  
c o e f f i c i e n t  s o l u t i o n s .  The cons t an t  c o e f f i c i e n t  approximation der ived  he re  
uses  t h e  mean va lues  of  t h e  p e r i o d i c  c o e f f i c i e n t s  of t h e  d i f f e r e n t i a l  equa- 
t i o n s  i n  t h e  nonro ta t ing  frame. 

To f i n d  t h e  mean va lue  of  t h e  c o e f f i c i e n t s ,  t h e  ope ra to r  

is  app l i ed  t o  t h e  p e r i o d i c  aerodynamic c o e f f i c i e n t s  (given i n  s e c t i o n  2.6.3 
and appendix B3), r e s u l t i n g  i n  terms of t h e  form: 

P 

sin $, cos $, 
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Here flc and fls are  t h e  harmonics of a Four i e r  series r e p r e s e n t a t i o n  of 
t he  r o t a t i n g  b l a d e  aerodynamic c o e f f i c i e n t  M: 

Eo 

M(~J,) = MO + M"' cos  "9, + M~~ s i n  n$, 
n= 1 

I n  t h e  p r e s e n t  ca se ,  t h e s e  harmonics must be evaluated numerical ly .  The aero- 
dynamic c o e f f i c i e n t  M is  c a l c u l a t e d  a t  J p o i n t s ,  e q u a l l y  spaced around t h e  
azimuth. Then t h e  harmonics are c a l c u l a t e d  us ing  t h e  Four i e r  i n t e r p o l a t i o n  
formulas : 

where 4J. = j A $  = j (2?r / J )  ( j  = 1, ..., J ) .  The number of harmonics r equ i r ed  
i s  n = A - 1  f o r  N odd and n = N-2 f o r  N even (N i s  t h e  number of 
b l a d e s ) .  Good accuracy from t h e  Four i e r  i n t e r p o l a t i o n  r e q u i r e s  a t  l ea s t  t h a t  
J = 6n. 
are 

Using t h e s e  Four i e r  i n t e r p o l a t i o n  expres s ions ,  t h e  r equ i r ed  harmonics 

2 

1 
2 

Mo - - 

\ 2  sin2 4Jj 
s i n  II, cos 

j 

It fol lows then  t h a t  t h e  cons t an t  c o e f f i c i e n t  approximation i s  obtained 
from t h e  p e r i o d i c  c o e f f i c i e n t  expres s ions  by t h e  simple t r ans fo rma t ion :  
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The summation over N blades (m = 1, ..., N ;  A$ = 2 ~ r / N )  for a periodic coef- 
ficient is replaced by a summation over the rotor azimuth (j = 1, ..., J; 
A+ = 2 v / J )  f o r  the constant coefficient approximation. This is quite conven- 
ient since the same procedure may be used to evaluate the coefficients for the 
two cases, with simply a change in the azimuth increment. The periodic coef- 
ficients must be evaluated throughout the period of $ = 0 to 27r/N, of 
course; the constant coefficient approximation (mean values only) is evaluated 
only once. 

With the substitution (1/N) + (1/J) f , the results given in appen- 
dix B 3  for the periodic coefficient matrices are directly applicable to the 
constant coefficient approximation as well. 

3 .  ADDITIONAL DETAILS OF ROTOR MODEL 

3 . 1  Rotor Orientation 

The rotor orientation is defined by a rotation matrix between the shaft 
axes and a tunnel axis system: 

The wind-tunnel axis system used has the x axis directed downstream, the 
z axis positive upward, and the y axis positive to the right (looking 
upstream). The wind-tunnel velocity is then V I T  and the components of the 
velocity in the shaft axes are 

The hub plane angle of attack and yaw angles may be obtained from the follow- 
ing expressions: 

As examples, we shall consider a helicopter, a propeller test rig, and a tilt- 
ing proprotor aircraft in a wind tunnel. 
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3.1.1 Hel icopter-  For a h e l i c o p t e r  r o t o r  i n  a wind tunne l  wi th  a turn-  
t a b l e ,  t h e  s h a f t  axes  o r i e n t a t i o n  is  given by f i r s t  yaw t o  t h e  r i g h t  by 
then p i t c h  a f t  by 8T' Thus t h e  r o t a t i o n  mat r ix  i s  

$T,  

3. Propel ler  t e s t  r i g -  Consider a p r o p e l l e r  tes t  r i g  t..at may be yawed 
by I/JT ( p o s i t i v e  t o  t h e  r i g h t ) ,  wi th  a x i a l  f low f o r  $T = 0. Then, 

3.1.3 T i l t i n g  proprotor a i r c r a f t -  The n a c e l l e  and r o t o r  of a t i l t i n g  
p ropro to r  a i r c r a f t  can be t i l t e d  by an  angle  ap ,  where clp = 0 f o r  a x i a l  
f low ( a i r p l a n e  conf igu ra t ion )  and ap = 90" f o r  edgewise flow ( h e l i c o p t e r  
conf igu ra t ion ) .  It  is  assumed t h a t  t h e  n a c e l l e  has  a can t  ang le  4~ (posi-  
t i v e  outward i n  h e l i c o p t e r  mode, zero  f o r  a i r p l a n e  mode), and t h a t  t h e  a i r c r a f t  
has  a p i t c h  a n g l e  8T ( p o s i t i v e  nose-up). The r e s u l t i n g  r o t a t i o n  mat r ix  i s  

-c s s + C a C e  

-c s (1 - c I S e  + s sace 

( c  *eel + s 2 ) S e  + c sace 
4 $ a  $ 4  cl 4 c 2 + s 2 c  

-c s (1 - 

- Ca)Ce  + s S a S e  

+ s 2 ) C e  + c SaS8 

4 

RST = I@'." a $  $ 4 4 + -  $ 4  - ( C  2 c  

3.1.4 Gust or i en ta t ion -  The aerodynamic gus t  components are defined wi th  
r e s p e c t  t o  t h e  tunne l  axes (wind axes)  f o r  t h e  a n a l y s i s  of t h e  r o t o r  and wind- 
t unne l  suppor t  dynamics. The vec to r  of gus t  v e l o c i t i e s  seen  by t h e  r o t o r  i s  
then  

where UG is  p o s i t i v e  downstream, VG p o s i t i v e  from t h e  r i g h t ,  and WG posi-  
t i v e  upward. 
ponents i n  t h e  s h a f t  axes ,  gs. The s u b s t i t u t i o n  gs = RSTg i n t o  t h e  equa- 
t i o n s  of motion then t ransforms t h e  gus t  components t o  t h e  tunne l  axes. 

The r o t o r  aerodynamic f o r c e s  were der ived  cons ide r ing  gus t  com- 
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3 . 2  Rotor T r i m  

There are two d i r e c t  requirements  i n  t h e  dynamics a n a l y s i s  f o r  t h e  t r i m  
s o l u t i o n  f o r  t h e  rotor+blade+motion and r o t o r  performance: 
bending d e f l e c t i o n  (xo i  + zok) is r equ i r ed  f o r  t h e  c o e f f i c i e n t s ;  second, t h e  
e v a l u a t i o n  of t h e  aerodynamic c o e f f i c i e n t s  r e q u i r e s  t h e  l i f t  and drag  load ing  
of t h e  r o t o r  b lade .  The r e s u l t  of t h i s  r o l e  of t h e  t r i m  s o l u t i o n  i n  t h e  
a n a l y s i s  i s  t h a t  t h e  a e r o e l a s t i c  behavior  depends gene ra l ly  on t h e  o p e r a t i n g  
s t a t e  of t h e  r o t o r .  The eva lua t ion  of t h e  c o e f f i c i e n t s  of t he  equat ions  of 
motion must t h e r e f o r e  b e  preceded by a pre l iminary  c a l c u l a t i o n  of t h e  r o t o r  
t r i m .  The t r i m  s o l u t i o n  f o r  t h e  b lade  motion i s  p e r i o d i c  i n  t h e  r o t a t i n g  
frame f o r  t h e  gene ra l  ca se  of nonaxia l  f low; f o r  t h e  a x i a l  flow ( u  = 01, t h e  
b lade  motion i s  s t eady  i n  t h e  r o t a t i n g  frame. For t h e  t r i m  b l ade  motion i n  
t h e  p re sen t  a n a l y s i s ,  only t h e  bending and gimbal degrees  of freedom are con- 
s ide red .  It i s  assumed t h a t  t h e r e  is no unsteady s h a f t  motion, t h a t  t h e  r o t o r  
speed i s  cons t an t ,  and t h a t  t h e r e  i s  no t o r s i o n l p i t c h  motion (except  c y c l i c  
c o n t r o l  and any bend ing l to r s ion  coupl ing) .  

f i r s t ,  t h e  t r i m  

I n  t h e  t r i m  s o l u t i o n ,  i t  i s  assumed t h a t  a l l  b l a d e s  have t h e  same 
p e r i o d i c  motion and t h a t  t h e  gimbal d e f l e c t i o n  is  cons tan t .  
motion are solved by a harmonic a n a l y s i s  method, which s o l v e s  t h e  r o t a t i n g  
equat ions  of m o t i o n  d i r e c t l y  f o r  t h e  harmonics of a F o u r i e r  series expansion 
of  t h e  p e r i o d i c  motion. The equat ions  f o r  t h e  b lade  motion are obta ined  from 
t h e  above a n a l y s i s ,  f o r  t h e  bending and gimbal degrees  of freedom: 

The equat ions  of 

I* (qk + g v ;1 + vk2qk) + 2 E 1; ; ;li = I* + Y I' ;tk (5 " 1  - -  Fx cB dr) 
ac  B a c  k i  qko 0 

s k k  'k 

The i n e r t i a  c o e f f i c i e n t s  are def ined  i n  appendix A l ,  and t h e  aerodynamic 
f o r c e s  are eva lua ted  us ing  t h e  t r i m  v e l o c i t y  components ( s e c t i o n  2 . 3 ) .  

A f t e r  t h e  b l a d e  motion c a l c u l a t i o n  converges,  t h e  r o t o r  performance i s  
eva lua ted ,  i nc lud ing  t h e  mean aerodynamic f o r c e s  and moments t h e  r o t o r  pro- 
duces a t  t h e  hub ( i n  p a r t i c u l a r ,  t h e  r o t o r  t h r u s t  and power). I n  an o u t e r  
loop ,  t h e r e  can b e  an i t e r a t i o n  on t h e  c o n t r o l s  t o  t r i m  t h e  r o t o r  t o  some 
d e s i r e d  ope ra t ing  s ta te .  P o s s i b l e  op t ions  inc lude  a d j u s t i n g  t h e  c o l l e c t i v e  t o  
achieve  a t a r g e t  t h r u s t  o r  to rque ,  o r  a d j u s t i n g  c o l l e c t i v e  and c y c l i c  p i t c h  t o  
achieve  a t a r g e t  t h r u s t  and f l app ing  o r  a t a r g e t  l i f t  and p ropu l s ive  fo rce .  

For a x i a l  f low ( u  = O), t h e  t r i m  s o l u t i o n  i s  independent of $ (assuming 
no c y c l i c  p i t c h  i n p u t ) .  The gimbal motion i s  ze ro ,  and t h e  equat ion  f o r  t h e  
b lade  bending modal d e f l e c t i o n  reduces t o  
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So,  i n  t h i s  case, on ly  t h e  mean b lade  bending motion i s  nonzero,  and an itera- 
t i v e  s o l u t i o n  f o r  t h e  b l ade  motion i s  no t  requi red .  Furthermore,  of  t h e  
f o r c e s  and moments on t h e  r o t o r  hub, on ly  t h e  t h r u s t  and to rque  are nonzero. 

3 .3  Lateral Veloc i ty  

For t h e  development of t h e  aerodynamic a n a l y s i s  of t h e  r o t o r  i n  sec- 
t i o n  2.3,  i t  w a s  assumed t h a t  t h e  t r i m  v e l o c i t y  of t h e  r o t o r  w a s  i n  t h e  x-z 
plane  of t h e  s h a f t  a x i s  system. Genera l ly ,  however, i t  iz a l s o  necessa ry  t o  
cons ide r  a l a t e r a l  v e l o c i t y  component, t h a t  is ,  1-1 = js V. An a l t e r n a t i v e  
would be  t o  r o t a t e  t h e  s h a f t  axes  u n t i l  3s * $  = 8, b u t  t h a t  would imply a 
r e d e f i n i t i o n  of t h e  r o t o r  ze ro  azimuth p o s i t i o n  f o r  every f l i g h t  s ta te .  Such 
a r e d e f i n i t i o n  of $ i s  not  d e s i r a b l e  s i n c e  it changes t h e  v a l u e s  of  param- 
eters such as control-system phasing,  and even t h e  d e f i n i t i o n  of t h e  r o t o r  
deg rees  of freedom such as t ip-path-plane t i l t .  Hence i t  i s  p r e f e r a b l e  t o  
d i r e c t l y  i n c o r p o r a t e  t h e  e f f e c t s  of  t h e  l a t e r a l  v e l o c i t y  i n  t h e  a n a l y s i s .  The 
v e l o c i t y  of t h e  a i r  seen  by t h e  r o t o r  d i s k  has  then  t h r e e  components i n  t h e  
s h a f t  axes: px,  p o s i t i v e  a f t ;  pyyl p o s i t i v e  from t h e  r i g h t ;  and 
downward (Vair = p X i s  - p Y j s  - p,kS). 

p z ,  p o s i t i v e  
t f 

The i n c o r p o r a t i o n  of py i n t o  t h e  a n a l y s i s  developed i n  s e c t i o n  2 i s  
s t r a i g h t f o r w a r d .  Th.e only  i n f l u e n c e  i s  on t h e  r o t o r  aerodynamics. I n  t h e  
t r i m  induced v e l o c i t y ,  p2 i s  rep laced  by px2 + 1-1 ( s e c t i o n  2 .3 .3) ;  t h i s  
s u b s t i t u t i o n  i s  a l s o  made i n  t h e  c o e f f i c i e n t s  of d e  equa t ions  f o r  t h e  inf low 
p e r t u r b a t i o n s  ( s e c t i o n  2 . 5 . 4 ) .  I n  t h e  t r i m  v e l o c i t y  of  t h e  b l ade  (sec- 
t i o n  2.3.3) ,  t h e  q u a n t i t y  p cos $m i s  rep laced  by 
and t h e  q u a n t i t y  p s i n  qm by v X  s i n  qm + 1.1 cos $m; t h e s e  s u b s t i t u t i o n s  are 
a l s o  r e q u i r e d  i n  t h e  5 ,  6, and q i  aerodynamic d e r i v a t i v e s  and i n  t h e  unsteady 
t e r m s  of  t h e  t o r s i o n  equat ion  aerodynamic c o e f f i c i e n t s  (appendix A2). F i n a l l y ,  
t h e  q u a n t i t y  pay  i s  rep laced  by ~. i ,a~ + pyaX i n  t h e  p e r t u r b a t i o n  v e l o c i t y  
6up ( s e c t i o n  2.3.3) .  I t  fo l lows  t h a t  l a t e r a l  v e l o c i t y  
t h e  ax columns ( f o u r t h  columns) of t h e  aerodynamic matrices A, and eo i n  
t h e  equa t ions  of motion, i n  a f a sh ion  s imi l a r  t o  t h e  vx t e r m s  i n  t h e  ci 
columns ( f i f t h  columns; see appendices B 2  and B3). 

px cos  $m - py s i n  Jim, 

Y 

t e r m s  are added t o  pY 

Y 

3 . 4  Clockwise Ro ta t ing  Rotor  

The equa t ions  of  motion f o r  t h e  r o t o r  have been developed assuming coun- 
te rc lockwise  r o t a t i o n  of  t h e  b l ades  as viewed from above. The equa t ions  f o r  a 
c lockwise r o t a t i n g  r o t o r  are obta ined  by implementing a mirror-image t r a n s f o r -  
mation c o n s i s t i n g  of  t h e  fo l lowing  s i g n  changes: 

(a )  Change t h e  s i g n s  of t h e  yh, ax, and a ,  columns of t h e  A and 
matrices. 

(b) Change t h e  s i g n s  of  t h e  Cy, C Q ,  and CM rows of t h e  C ,  e ,  and DG 
X matrices. 

( c )  Change t h e  s i g n  of  t h e  vG column of  t h e  BG and DG matrices. 
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vY (d) Change t h e  s i g n  of  t h e  l a t e r a l  v e l o c i t y  

The degrees  of freedom of  t h e  r o t o r  remain de f ined  w i t h  r e s p e c t  t o  t h e  a c t u a l  
r o t a t i o n  d i r e c t i o n ;  f o r  example, b lade  l a g  motion i s  s t i l l  p o s i t i v e  opposing 
t h e  b l ade  r o t a t i o n ,  and t h e  l a t e r a l  t ip-path-plane o r  gimbal t i l t  B l s  is 
s t i l l  p o s i t i v e  toward t h e  r e t r e a t i n g  s i d e  of  t h e  d i s k .  The mirror-image t r a n s -  
formation accounts  f o r  t h e  reversals of some components of  a, F, and g (which 
are de f ined  i n  t h e  n o n r o t a t i n g  system) re la t ive  t o  t h e  counterclockwise o r  
c lockwise r o t a t i n g  r o t o r s .  

3.5 Blade Bending and Tors ion  Modes 

3.5.1 Coupled bending modes of a rotat ing blade- Equi l ibr ium of t h e  
e l a s t i c ,  i n e r t i a l ,  and c e n t r i f u g a l  bending moments on t h e  b lade  g ives  t h e  
d i f f e r e n t i a l  equa t ion  f o r  t h e  coupled f l a p l l a g  bending of t h e  r o t a t i n g  b l ade  
( s e e  s e c t i o n  2 . 2 ) .  For f r e e  v i b r a t i o n  - t h e  homogeneous equat ion  w i t h  har- 
monic motion a t  t h e  n a t u r a l  frequency v - w e  o b t a i n  t h e  modal equa t ion  f o r  
bending of t h e  b lade :  

-+ + Here ri(r&= zoi -do$ is  t h e  bending d e f l e c t i o n  (mode-+shap$), 
E1 = E I z z i i  + EIx,kk 
ro ta t ioqa ;  speedS y 
K, = KFiBiB i- KLkBkB 

i s  t h e  bending s t i f f n e s s  dyadic ,  R = RkB 
i s  t h e  n a t u r a l  frequency of  t h e  mode, and 
i s  t h e  h inge  s p r i n g  dyadic .  

i s  t h e  r o t o r  

The boundary cond i t ions  are: 

( a )  A t  t h e  t i p  ( r  = R) : EI?' = (EI;;") = 0. 

(b) A t  t h e  r o o t  ( r  = e ) :  rl  = n = 0 f o r  a c a n t i l e v e r  b l ade ;  = 0 
-+ 

-+ -+I 

and EI;;" = Ks?' f o r  an  a r t i c u l a t e d  b lade .  

The r o o t  boundary cond i t ion  i s  app l i ed  a t  t h e  o f f s e t  r = e t o  a l low f o r  
h inge  o f f s e t  of  an  a r t i c u l a t e d  r o t o r  o r  a very  s t i f f  hub of a h i n g e l e s s  r o t o r .  
The h inge  s p r i n g s  are assumed t o  be  o r i e n t e d  i n  t h e  hub frame h e r e ,  b u t  could 
a l s o  i n c l u d e  a component t h a t  r o t a t e s  w i t h  t h e  b l ade  p i t c h ;  KF 
s p r i n g  and KL,  t h e  l a g  s p r i n g  cons t an t .  

i s  t h e  f l a p  

Th i s  is $n e igenvalue  problem, a d i f f e r e n t i a l  equa t ion  i n  r f o r  t h e  
mode shapes rl and t h e  n a t u r a l  f r equenc ie s  v. The equat ion  w i t h  t h e  appro- 
p r i a t e  boundary cond i t ions  c o n s t i t u t e s  a proper  Sturm-Liouvi l le  e igznvalue  
problem. I t  fo l lows  t h a t  t he  s o l u t i o n  e x i s t s  - a series of  modes ~ i ( r )  and 
t h e  corresponding n a t u r a l  f r equenc ie s  v i -  and t h a t  t h e  modes are  or thogonal  
w i th  weight  m. Hence, i f  i # k ,  then  

-+ n i *  rl k m d r  = 0 
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The f r equenc ie s  s a t i s f y  t h e  energy balance r e l a t i o n :  

The modal equa t ion  is  solved by a Galerkin method. The mode shape is 
expanded as a f i n i t e  series i n  t h e  func t ions  T i ( r ) :  

-+ 
We r e q u i r e  t h a t  each Zi s a t i s f y  the boundary cond i t ions  on q, then t h e  sum 
au tomat i ca l ly  does. S ince  a f i n i t e  series i s  requ i r ed  f o r  computation, t h i s  
i s  an  approximate c a l c u l a t i o n .  
should then  b e  chosen s o  t h a t  a t  least  t h e  lower-frequency modes can be w e l l  
r ep resen ted .  S u b s t i t u t i n g  t h i s  series i n  t h e  d i f f e r e n t i a l  equa t ion  and 
o p e r a t i n g  w i t h  

For b e s t  numerical  accuracy,  t h e  f u n c t i o n s  ;fi 

1 

f k *  (. . . ) d r  I,' 
reduces t h e  problem ( a f t e r  i n t e g r a t i o n  by p a r t s  and an a p p l i c a t i o n  of t h e  
boundary c o n d i t i o n s )  t o  a set of a l g e b r a i c  equat ions f o r  -+ 

c = [ c i ] :  
+ 

(A  - v2B)c = 0 

The c o e f f i c i e n t  m a t r i c e s  are 

1 + 
Bki  = mZk.  f i  d r  

The e igenva lues  of t h e  ma t r ix  ( B - l A )  are t h e  n a t u r a l  f r equenc ie s  
coupled bending v i b r a t i o n  of t h e  b l ade ,  and t h e  corresponding e igenvec to r s  
g ive  t h e  mode shape q. A s  a f i n a l  s t e p ,  t h e  modes are normalized t o  u n i t y  a t  
t h e  t i p :  15(1)1 = 1. 

v2 of t h e  + c 
-F 

A convenient set  of func t ions  f o r  f i  are t h e  fol lowing polynomials 
( r e f .  7 ) :  

(n + 2 ) ( n  + 3 )  xn+l - n(n + 3 )  xn+2 + n ( n  + 1) xn+3 
6 3 6 f =  n 
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where x = (r - e ) / ( l  - e ) .  For a hinged b l ade ,  f ,  = x i s  used. The poly- 
nomials s a t i s f y  t h e  r equ i r ed  boundary cond i t ions  b u t  are n o t  or thogonal  func- 
t i o n s .  
fA(e) = 0,  except f o r  t h e  f i r s t  mode where 

For the  h inge  s p r i n g  t e r m  i n  Aki ( a r t i c u l a t e d  b l ades  o n l y ) ,  n o t e  t h a t  
f ; ( e )  = 1/(1 - e ) .  

3.5.2 Articulated blade modes- For a n  a r t i c u l a t e d  r o t o r  blade,  t h e  modal 
d i f f e r e n t i a l  equat ion need not  b e  solved i f  t h e  h i g h e r  bending modes are n o t  
r equ i r ed .  Rigid l a g  and f l a p  motion about t h e  hinges g ives  t h e  two lowest  
frequency modes: 

-+ 

' f lap 

I Note t h a t  s e p a r a t e  hinge o f f s e t s  may be used f o r  f l a p  and l a g  motion. The 
n a t u r a l  f r equenc ie s  are obtained d i r e c t l y  from t h e  energy balance r e l a t i o n :  

't n m  d r  + 

3 . 5 . 3  Torsion modes of a nonrotating btade- Equil ibr ium of t h e  e las t ic  
and i n e r t i a l  t o r s i o n  moments ( s e e  s e c t i o n  2.2)  g i v e s  t h e  modal equat ion:  

( G J E ' ) '  + Iew2S = 0 

wi th  t h e  boundary cond i t ions  E '  = 0 a t  t h e  t i p  (r = R ) ,  and 5 = 0 a t  t h e  
p i t c h  b e a r i n g  ( r  = rFA). The modes are or thogonal  w i t h  weight Io. Hence, 
i f  i # k ,  t hen  

lR SiSkl, = 

FA 
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The f r equenc ie s  s a t i s f y  t h e  r e l a t i o n :  

R I G J S I 2  d r  

'FA 

FA 

These are n o n r o t a t i n g  t o r s i o n  modes, s o  the  s o l u t i o n  i s  independent of 
t h e  r o t o r  speed o r  c o l l e c t i v e  p i t c h .  
method. Wr i t ing  5 = c i f i ( r ) ,  where t h e  func t ions  f i  s a t i s f y  t h e  boundary 
cond i t ions  on 5 ,  and o p e r a t i n g  wi th  I ' f k ( .  . . ) d r  on t h e  d i f f e r e n t i a l  equa- 

t i o n  produces a set  of a l g e b r a i c  equa t ions  f o r  

(A - w 2 B ) Z  = 0 

The equat ion i s  solved by a Ga le rk in  

r~~ 
= [c,]: 

The c o e f f i c i e n t  matrices are 

G J  
1 4Ci = { .- f ' f '  d r  Q R  k i  
FA 

Bki - - J- Ig fk f i  d r  

FA 

The e igenva lues  of t h e  m a t r i x  (B-lA) g ive  t h e  n a t u r a l  f r equenc ie s  of t h e  t o r -  
s i o n  v i b r a t i o n ,  and t h e  corresponding e igenvec to r s  f o r  c g i v e  t h e  modes. 
F i n a l l y ,  t h e  t o r s i o n  modes are normalized t o  u n i t  a t  t h e  t i p ,  E(1) = 1. 

-+ 

A convenient  set of f u n c t i o n s  t o  use  f o r  fi i s  t h e  s o l u t i o n  for t h e  
torsion modes of a uniform beam: 

These f u n c t i o n s  s a t i s f y  t h e  boundary cond i t ions  and w i l l  u s u a l l y  be c l o s e  t o  
t h e  a c t u a l  mode shapes.  

3.6  Lag Damper 

For a r t i c u l a t e d  r o t o r s ,  t h e  mechanical l a g  damper has  an  important  r o l e  
i n  t h e  dynamics. 
of motion ( s e c t i o n  2.2) :  

A l a g  damping t e r m  i s  added t o  t h e  b l a d e  bending equa t ion  
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Mq ae ro  
+ I" 

qko = '  a c  

C</IbR and C5 is  t h e  l a g  damping c o e f f i c i e n t .  The q u a n t i t y  
t h e  s l o p e  of t h e  k t h  bending mode i n  t h e  lagwise d i r e c t i o n ,  
of t h e  l a g  hinge. The manner i n  which t h e  l a g  damping e n t e r s  

t h e  equa t ion  of motion i s  obtained by a Galerkin o r  Rayleigh-Ritz a n a l y s i s .  
The l a g  damper r e s u l t s  i n  a bending moment a t  t h e  l a g  hinge.  Thus i t  i s  
necessary t o  e v a l u a t e  moments a t  t h e  b l a d e  r o o t  by i n t e g r a t i n g  a long  t h e  span,  
which has ,  i n  f a c t ,  been our  p r a c t i c e .  

3.7 Pi tchlBending Coupling 

The kinematic  p i t ch /bend ing  coupl ing Kpi 

have a s i g n i f i c a n t  r o l e  i n  t h e  r o t o r  dynamic behavior .  

and t h e  p i t ch lg imba l  coupl ing 

KpG 
Kpi is t h e  r i g i d  p i t c h  motion due t o  a u n i t  d e f l e c t i o n  of t h e  i t h  bending 

mode: Kpi = - dO/dqi. For an  a r t i c u l a t e d  r o t o r ,  t h e  f i r s t  "bending" modes 

are r i g i d  l a g  and f l a p  motion about t he  hinges.  The p i t c h l f l a p  coupl ing is 
o f t e n  de f ined  i n  t e r m s  of t h e  d e l t a - t h r e e  angle:  Kp = t an  6 It is  p o s s i b l e  
t o  simply i n p u t  t h e  kinematic  coupl ing p a r a m e t e r s  t o  t h e  s t a b i l i t y  c a l c u l a -  
t i o n s  i f  va lues  are a v a i l a b l e  from e i t h e r  measurements o r  some o t h e r  a n a l y s i s .  
It i s  a l s o  d e s i r a b l e ,  however, t o  b e  a b l e  t o  c a l c u l a t e  t he  coupl ing from a 
model of t h e  b l ade  r o o t  geometry. 

The d e f i n i t i o n  of 

3: 

Figure 1 2  is  a schematic of t h e  b l ade  r o o t  and control-system geometry 
considered h e r e ,  which shows t h e  p o s i t i o n  of t h e  f e a t h e r  bea r ing ,  p i t c h  ho rn ,  
and p i t c h  l i n k  f o r  no bending d e f l e c t i o n  of t h e  b l ade .  The r a d i a l  l o c a t i o n s  
of t h e  f e a t h e r  b e a r i n g  and p i t c h  l i n k  are 
l e n g t h s  of t h e  p i t c h  horn and p i t c h  l i n e  are 
t h e  p i t c h  horn and p i t c h  l i n k  are given by t h e  ang le s  
Con t ro l  i n p u t  produces a v e r t i c a l  motion of t h e  bottom of t h e  p i t c h  l i n k  and 
hence a f e a t h e r i n g  motion of t h e  b l a d e  about t h e  p i t c h  a x i s .  The bending 
motion of t h e  b l ade ,  w i th  e i t h e r  bending f l e x i b i l i t y  o r  an  a c t u a l  h inge  
inboard of t h e  p i t c h  bea r ing ,  produces an i n p l a n e  o r  out-of-plane d e f l e c t i o n  
of t h e  p i t c h  bea r ing .  With t h e  bottom of t h e  p i t c h  l i n k  f i x e d  i n  space,  a 
p i t c h  change of t h e  b l ade  r e s u l t s .  The v e r t i c a l  and inp lane  displacements  of 
t h e  p i t c h  horn ( t h e  end a t  
are 

rFA and rpH, r e s p e c t i v e l y ;  t h e  
xPH and xpL. The o r i e n t a t i o n  of 

$pH + e,, and $PL. 

rpH) due t o  bending of t h e  b l a d e  i n  t h e  i t h  mode 
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The kinematic pitch/bending coupling is derived from the geometric constraint 
that the lengths of the pitch horn and pitch link be fixed. The result is 

Similarly, for a gimballed rotor, the pitch/gimbal coupling is 

3.8 Normalization Parameters 

It has been the practice here to deal with dimensionless quantities based 
on the air density, rotor speed, and rotor radius ( p ,  R ,  and R). In addition, 
the equations of motion inertia coefficients, and aerodynamic coefficients 
have been normalized using the following parameters: Ib, a characteristic 
moment of inertia of the blade; cm, 
two-dimensional lift-curve slope. These parameters have no effect on the 
numerical problem. It is essential, however, to be consistent in the defini- 
tion of the normalization quantities and the parameters that depend on them. 
In particular, the blade Lock number and rotor solidity are defined as 

the blade mean chord; and a, the blade 

pacmR4 

'b 
Y =  

The Lock number may be defined for standard air conditions (p,), and then 
y ( p / p o )  used in the analysis to account for the actual temperature and alti- 
tude at which the aircraft or wind tunnel is operating. It is convenient to 
use the rotor solidity as the primary parameter and to obtain the mean chord 
from c,/R = m/N. 

4.  ARBITRARY NUMBER OF BLADES 

4.1 Four or More Blades 

In this section, the rotor model is extended to an arbitrary number of 
blades. The equations derived in section 2 are f o r  a three-bladed rotor. We 
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begin  w i t h  a cons ide ra t ion  of t h e  case o f  f o u r  o r  more b l ades .  Each r o t a t i n g  
degree  of  freedom of  t h e  b l ade  ( i . e . ,  bending o r  t o r s i o n  motion) must r e s u l t  
i n  N degrees  of  freedom f o r  t h e  r o t o r  as a whole. Thus i n c r e a s i n g  t h e  num- 
b e r  o f  b l ades  adds degrees  of freedom and equa t ions  of  motion t o  t h e  r o t o r  
d e s c r i p t i o n .  
w i th  t h e  c o l l e c t i v e  and c y c l i c  (O,lC,lS) degrees  of freedom of t h e  r o t o r .  
Hence t h e  equa t ions  i n  s e c t i o n  2.6 remain v a l i d  f o r  r o t o r s  wi th  N > 3 a l s o ,  
and w e  need b e  concerned he re  only  wi th  the  equa t ions  of motion f o r  t h e  addi-  
t i o n a l  degrees  of freedom. For nonaxia l  f low, however, a l l  r o t o r  degrees  of 
freedom are coupled. 

I n  a x i a l  f low, t h e s e  a d d i t i o n a l  degrees  of freedom do no t  couple  

The Four i e r  coord ina te  t ransformat ion  f o r  fou r  o r  more b l ades  adds t h e  
fo l lowing  degrees  of freedom t o  t h e  c o l l e c t i v e  and c y c l i c  v a r i a b l e s  f o r  N = 3 :  

2 
= - q(m) cos n$, 

m 'nc N 

= 2 c q(m) s i n  n$, 
m 'ns N 

so 

The r e s u l t  f o r  t h e  t o r s i o n / p i t c h  modes is  s i m i l a r .  The summation over  m 
goes from 1 t o  N ;  t h e  summation over  n goes from 1 t o  (N - 1 ) / 2  f o r  N 
odd and t o  (N - 2) /2  f o r  N even. The B N / ~  and 8N/2 degrees  of freedom 
are p r e s e n t  on ly  i f  N is even. Then t h e r e  are  a t o t a l  of N nonro ta t ing  
degrees  of  freedom corresponding t o  each bending and t o r s i o n  mode of  t h e  b lade .  

These a d d i t i o n a l  degrees  of freedom are no t  coupled i n e r t i a l l y  wi th  t h e  
s h a f t  o r  gimbal motion. The bending and t o r s i o n  equa t ions  i n  t h e  r o t a t i n g  
frame are t h u s  reduced t o  

80 



Mp ae ro  k + I* Wo26k(rFA)econ - s* qi = Y ac 
'kqi PO 

The equa t ions  of motion i n  t h e  nonro ta t ing  frame are  obta ined  by a p p l i c a t i o n  
of t h e  fo l lowing  summation ope ra to r s :  

m 1 X(. . . ) ( -1)  
m N 2 E(. . . ) s i n  n+, , 

m N 
2 E(. . . > c o s  n+m , 

m N 

and i n t r o d u c t i o n  of t h e  Four i e r  coord ina te  t ransformat ion  as r equ i r ed .  

The a d d i t i o n a l  equa t ions  of  motion f o r  t h e  r o t o r  wi th  f o u r  o r  more 
b l ades  are then  : 

A + A 2 + AOxR = BvR + Maero 2 R  1 R  

The v e c t o r s  of t h e  r o t o r  degrees  of freedom (xR) and 
i n p u t s  (vR) are: 

x =  
R , v =  R 

con 

e con 

e con 

n s  

N/ 2 

b lade  p i t c h  c o n t r o l  

(The matrices of  t h e  i n e r t i a  c o e f f i c i e n t s  are given i n  append5x B 4 . )  

To complete t h e  equa t ions  of  motion, t h e  aerodynamic terms must be  eval- 
uated.  The aerodynamic f o r c e s  i n  a x i a l  f low s t i l l  do no t  couple  t h e  addi- 
t i o n a l  deg rees  of  freedom f o r  N 1 4 wi th  t h e  s h a f t  o r  gimbal motion. Thus 
t h e  aerodynamic f o r c e s  f o r  t h e  bending and t o r s i o n  modes i n  t h e  r o t a t i n g  frame 
reduce t o  
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Thus t h e  aerodynamic terms f o r  a x i a l  f low t a k e  t h e  form: 

= A + A2xR 1 R  -M a e r o  

(The matrices of  t h e  aerodynamic c o e f f i c i e n t s  are g iven  i n  appendix B5.) 

The aerodynamic f o r c e s  i n  nonaxia l  f low ( v  > 0) couple  a l l  degrees  of 
freedom of t h e  r o t o r  w i t h  each o t h e r  and wi th  t h e  s h a f t  and gimbal motion. 
Then, no t  on ly  are a d d i t i o n a l  degrees  of  freedom and equat ions  of motion 
involved i f  N > 3,  bu t  t h e  number of b l ades  a l s o  i n f l u e n c e s  t h e  equa t ions  and 
t h e  hub r e a c t i o n s  given i n  s e c t i o n  2.6. Rather  than  d i r e c t l y  p r e s e n t i n g  t h e  
aerodynamic matrices f o r  t h e  gene ra l  case of t h r e e  o r  more b l ades  i n  nonaxia l  
f low, t h e  a n a l y s i s  i s  extended by means of an  observed p a t t e r n  i n  t h e  coeffi- 
c i e n t s .  I n  the nonaxia l  f l o w  equa t ions  i n  appendix B 3 ,  n o t e  t h e  r epea ted  
occurrence  of  t h e  fo l lowing  submatr ices :  

P =  

DP = 

(us ing  t h e  n o t a t i o n  

' 1  

2c1 2 5 2  2c1s1 = 

2s,2 s1 1 
'0 -s, 

0 -2c1s1 

0 -2s12 

C l  

2c,2 

2c1 s 

S, = s i n  n$m and Cn = cos  mJm). These matrices are a 
d i r e c t  r e s u l t  of t h e  i n t r o d u c t i o n  of  t h e  Four i e r  coord ina te  t r ans fo rma t ion  
(columns) and t h e  a p p l i c a t i o n  of t h e  summation o p e r a t o r s  t o  o b t a i n  t h e  non- 
r o t a t i n g  equa t ions  (rows).  The ma t r ix  DP ar ises  from a p p l i c a t i o n  of  t h e  
Four i e r  t ransformat ion  t o  t h e  t i m e  d e r i v a t i v e s  ( 4 i  o r  c i ) .  I n  t h e  BG and 
matrices, on ly  some columns of P and DP appear ,  wh i l e  i n  t h e  C ma t r i ces  
only  some rows appear.  
i s  then ,  s imply,  

The ex tens ion  t o  an  a r b i t r a r y  number of b l ades  (N 2 3)  

82  



.// 
So t h e  p e r i o d i c  c o e f f i c i e n t  r e s u l t s  are s t i l l  a p p l i c a b l e  t o  t h e  cons t an t  coef- 
f i c i e n t  approximation i f  t h e  summation over  t h e  
summation around t h e  r o t o r  azimuth. 

N b l ades  i s  rep laced  by a 

4.2  Two-Bladed Rotor 
0 

Rotors w i t h  t h r e e  o r  more b l ades  may be analyzed w i t h i n  t h e  same g e n e r a l  
framework, bu t  t h e  two-bladed r o t o r  is a s p e c i a l  ca se .  The r o t o r  w i th  N 1 3 
has axisymmetric i n e r t i a  and s t r u c t u r a l  p r o p e r t i e s  and hence t h e  n o n r o t a t i n g  
equa t ions  have cons t an t  c o e f f i c i e n t s  i n  a x i a l  flow. I n  c o n t r a s t ,  t h e  l a c k  of 
axisymmetry wi th  a two-bladed r o t o r  l e a d s  t o  p e r i o d i c  c o e f f i c i e n t  d i f f e r e n t i a l  
equa t ions ,  even i n  t h e  i n e r t i a l  terms and i n  axial  flow. 
cases ( e .g . ,  s h a f t  f i x e d ,  o r  w i th  an i s o t r o p i c  suppor t  - analyzed i n  t h e  
r o t a t i n g  frame) are t h e  dynamics of a two-bladed r o t o r  descr ibed by cons t an t  
c o e f f i c i e n t  equat ions.  

Only i n  s p e c i a l  

The r o t o r  degrees  of freedom i n  t h e  n o n r o t a t i n g  frame are obtained as 
usua l  from t h e  Four i e r  coord ina te  t r ans fo rma t ion .  For N = 2 ,  t h e  bending 
degrees of freedom are coning and t e e t e r i n g  type modes: 

The p i t c h / t o r s i o n  degrees  of freedom e o  and are s i m i l a r l y  de f ined .  The 
t e e t e r i n g  degree of freedom 
r o t o r  with t h r e e  o r  more b l a d e s ,  i s  a l s o  included f o r  t h e  two-bladed r o t o r .  
The t e e t e r i n g  motion i s  def ined i n  t h e  r o t a t i n g  frame; hence (see f i g .  91, 

E T ,  which corresponds t o  t h e  gimbal motion of t h e  

B, = BT(-l>m 

€IG = 0 

The s p e c i a l  c h a r a c t e r i s t i c s  of t h e  two-bladed r o t o r  dynamics are r e f l e c t e d  i n  
t h e  appearance of t h e  t ee t e r ing - type  degrees  of freedom (B1, e,, and B T ) ,  
which t a k e  t h e  p l a c e  of t h e  c y c l i c  (1C and IS) motions f o r  N 2 3 .  

The bending and t o r s i o n  equa t ions  i n  t h e  r o t a t i n g  frame, de r ived  i n  sec- 
t i o n  2 ,  remain v a l i d  f o r  N = 2. The r o t o r  equa t ions  of motion i n  t h e  non- 
r o t a t i n g  frame are ob ta ined  by o p e r a t i n g  on t h e  bending and t o r s i o n  equa t ions  
wi th  t h e  fol lowing summation o p e r a t o r s :  

E(. . .) and ix(. . . ) ( - l ) m  
N m  m 
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The equa t ion  of motion f o r  t h e  t e e t e r i n g  degree of freedom is  ob ta ined  from 
e q u i l i b r i u m  of moments about t h e  teeter hinge ( i n  t h e  r o t a t i n g  frame): 

-2% + CTB, + 5BT = 0 

The t e e t e r i n g  moment 4 is  given by t h e  r o o t  f l apwise  bending moment: 

where CT and KT 
i n  t h e  r o t a t i n g  frame. I n  terms of t h e  n a t u r a l  frequency and damping c o e f f i -  
c i e n t ,  CT = 21oficT and KT = 210R2(q2 - 1 ) .  The hub f o r c e s  and moments are 
ob ta ined  by summing t h e  r o o t  f o r c e s  and moments from both b l a d e s ,  as f o r  
N 2 3. The equa t ions  are normalized and t h e  i n e r t i a  c o e f f i c i e n t s  named i n  a 
manner similar t o  t h e  N = 3 case ( s e c t i o n  2.2). Inf low dynamics and t h e  
r o t o r  speed dynamics are included as f o r  N 2 3 ( s e c t i o n s  2 .4  and 2.5). 

are the  damper and s p r i n g  c o n s t a n t s  about t h e  teeter h inge  

* 

The v e c t o r s  of t h e  r o t o r  degrees  of freedom (XR) and t h e  r o t o r  b l a d e  
p i t c h  i n p u t  (VR) are de f ined  as fol lows f o r  t h e  two-bladed r o t o r :  

x =  R , v =  R 

The v e c t o r s  of t h e  s h a f t  motion (a) and t h e  hub r e a c t i o n s  (F) are de f ined  as 
i n  s e c t i o n  2.6. The equa t ions  of motion then  t a k e  t h e  form: 

A2< + + A x + ;; + 6 = BvR + Maero O R  2 1 

F = C + C 5 + C o s  + + C,a + Faero 2 R  1 R  
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(The matrices of t h e  i n e r t i a  c o e f f i c i e n t s  are given i n  appendix B6.) 
t h a t  t h e r e  are p e r i o d i c  c o e f f i c i e n t s  i n  t h e  ma t r i ces  coupl ing t h e  r o t o r  and 
s h a f t  motion (A, C ,  e ) .  

Note 

The aerodynamic f o r c e s  Mae,, and Faero are requ i r ed  t o  complete t h e  
equat ions.  The t e e t e r i n g  aerodynamic moment is de f ined  as 

The aerodynamic hub f o r c e s  and moments are de f ined  as f o r  N 2 3. The aero- 
dynamic f o r c e s  on t h e  bending modes are 

1 
= - C ~q a e r o  

MBOaero N m k  

(-Urn 
1 

Blaero N 
M 

The d e f i n i t i o n s  o f  t h e  t o r s i o n  aerodynamic f o r c e s  MeOaero and Melaero  
s i m i l a r .  The aerodynamic f o r c e s  are then:  

are 

= A ;  + A  + i & + A a - B G g s  0 1 R  0% 1 -M a e r o  

+ C x + e l& + c0a + DGgs Faero =‘1% 0 R 

The v e c t o r  of aerodynamic gus t  components ( g , )  i s  de f ined  as i n  s e c t i o n  2.6. 
(The m a t r i c e s  of t h e  aerodynamic c o e f f i c i e n t s  are given i n  appendix B7.) 

A cons tan t  c o e f f i c i e n t  approximation f o r  t h e  two-bladed r o t o r  may be 
ob ta ined  i n  a manner similar t o  t h e  N 1 3 case. For t h e  aerodynamic f o r c e s ,  
as u s u a l  t h e  summation over  N b l ades  is  simply replaced by a n  average over 
J p o i n t s  around the  azimuth: 

Note t h a t  a l l  aerodynamic terms involving ( - l )m  drop i n  t h e  cons t an t  c o e f f i -  
c i e n t  approximation. For t h e  i n e r t i a  terms, t h e  mean va lues  of t h e  p e r i o d i c  
c o e f f i c i e n t s  are e a s i l y  obtained.  

The cons t an t  c o e f f i c i e n t  approximation is  not  as u s e f u l -  o r  as accu- 
ra te  - f o r  t h e  two-bladed r o t o r  as f o r  N 2 3 .  With t h r e e  o r  more b l a d e s ,  t h e  
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source of t h e  p e r i o d i c  c o e f f i c i e n t s  i s  nonaxial  f low, hence t h e  p e r i o d i c i t y  i s  
of o r d e r  1-1 o r  smaller. A t  low advance r a t i o  then ,  t h e  cons t an t  c o e f f i c i e n t  
approximation may be expected t o  be a good r e p r e s e n t a t i o n  of t h e  c o r r e c t  
dynamics. The two-bladed r o t o r  has  a l s o  p e r i o d i c  c o e f f i c i e n t s  due t o  t h e  
i n h e r e n t  l a c k  of a x i s y m e t r y  of t h e  r o t o r .  This  p e r i o d i c i t y  i s  l a r g e  even f o r  
a x i a l  flow, and n e g l e c t i n g  i t  i n  t h e  cons t an t  c o e f f i c i e n t  approximation i s  
o f t e n  a poor r e p r e s e n t a t i o n  of t h e  dynamics. 

4 . 3  Single-Bladed Rotor 

A s ing le -b lade  a n a l y s i s  i s  u s e f u l  f o r  problems not  i nvo lv ing  t h e  s h a f t  
motion o r  o t h e r  e x c i t a t i o n  from t h e  n o n r o t a t i n g  frame. The on ly  r o t o r  b l ade  
deg rees  of freedom involved are  t h e  bending and t o r s i o n  motion. The s h a f t  
motion, gimbal motion, and t h e  r o t o r  speed p e r t u r b a t i o n  are dropped from t h e  
system. The hub r e a c t i o n s  need not  be considered. The s ing le -b lade  a n a l y s i s  
i s ,  of course,  i n  t h e  r o t a t i n g  frame. The equa t ions  of motion f o r  t h e  bending 
and t o r s i o n  modes of t h e  b l ade  are then: 

.. * 

5. WIND-TUNNEL SUPPORT MODEL 

Consider now t h e  a e r o e l a s t i c  model f o r  t h e  wind-tunnel support  system. 
The r o t o r  suppor t  is desc r ibed  by a set of l i n e a r  cons t an t  c o e f f i c i e n t  d i f f e r -  
e n t i a l  equa t ions  e x c i t e d  by f o r c e s  and moments a t  t h e  r o t o r  hub. The hub 
motion produced by t h e  support  degrees  of freedom completes t h e  d e s c r i p t i o n .  
L e t  xs be t h e  v e c t o r  of the support  degrees  of freedom and vs, t h e  v e c t o r  
of i npu t  o r  c o n t r o l  v a r i a b l e s  f o r  t h e  support  system. A s  f o r  t h e  r o t o r  model, 
t h e  v e c t o r s  of t h e  s h a f t  motion a t  t h e  hub (a), t h e  aerodynamic gus t  components 
( g ) ,  and t h e  r o t o r  f o r c e s  and moments a c t i n g  on t h e  hub (F) are de f ined  as: 

I 
1 

a7 



a =  

"h 

'h 

h z 

c1 
X 

a 
Y 

c1 
z _ -  

Y g =  F =  

cT 
y.. 

2cH 
y.. 

2cY 
-y aa 
3 
cra 

2CM, 

y,, 

2cM. 

-y --z 
The gust components are here in the tunnel axis system (x downstream, y to 
the right, and z upward), while the components of a and F are in the shaft 
axis system. The equations of motion for the wind-tunnel support then take 
the following form: 

a .. x + al;cs + aOxs = bvs + bGg + aF 
2 s  

and the rotor hub motion is given by the linear transformation: 

S a = cx 

The equations are dimensionless, based on p ,  R ,  and R. With F in rotor 
coefficient form, it is also convenient to normalize the equations by dividing 
by the characteristic inertia (N/2)Ib. Note that the matrix 5 may always be 
obtained from the matrix c (reciprocity theorem). 

The sophistication required of the description of the wind-tunnel strut 
and balance system and the aircraft or rotor test module depends on the dynamic 
problem being studied and also, of course, on the available data from which 
the model is to be constructed. Consider, for example, a general model based 
on a normal vibration mode description of the elastic wind-tunnel support 
system. The displacement u(r,t) and rotation $($,t) at an arbitrary point 
r are expanded in series of orthogonal vibration modes, with generalized 
coordinates qsk(t) : 

+ +  
+ 
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The d i f f e r e n t i a l  equa t ions  f o r  t h e  degrees  of freedom q are then 
'k 

- 
-t 

'S s k  

t +  
J S *  'k 

C =  . a .  + - +  k S * S k  . . .  
; t +  
'S 'k 
- f +  
J S  'k 

kS 'k 
+ - +  

- d 

where Mk is  t h e  modal mass and @k, t h e  n a t u r a l  frequency; gs is h e r e  t h e  
s t r u c t u r a l  damping c o e f f i c i e n t  f o r  t h e  mode and Qk i s  t h e  gene ra l i zed  f o r c e .  

. . .  - [ . .  - RST'k 

RST'k 

a t  

r o t  

t h e  r o t o r  

t i o n  m t r i x  
t o  t h e  s h a f t  axes (see s e c t i o n  3.1). 
hub f o r c e s  and moments are 

The gene ra l i zed  f o r c e s  due t o  t h e  r o t o r  
{Qk) = aF, where 

+ - +  -Is yk _I 
General ly ,  Qk 
aerodynamic damping f o r c e s  of t h e  form 

i n p u t s  of form 

form E bGkigi. 

p r i a t e  produces t h e  r equ i r ed  model f o r  t h e  wind-tunnel suppor t .  

may a l s o  have a d d i t i o n a l  c o n t r i b u t i o n s ,  i nc lud ing  mechanical o r  
ckiqsi ,  support-system c o n t r o l  

1 
E bkiVsi, and aerodynamic gus t  f o r c e s  on t h e  support  of t h e  
i 
Making t h e  equat ions dimensionless  and normalizing as appro- 

i 

6 .  COUPLED ROTOR AND SUPPORT MODEL 

The equa t ions  of motion have been de r ived  f o r  t h e  r o t o r  and f o r  t h e  wind- 
Now t h e s e  equa t ions  may be combined t o  c o n s t r u c t  t h e  set of t u n n e l  suppor t .  

l i n e a r  d i f f e r e n t i a l  equa t ions  which d e s c r i b e s  t h e  dynamics of t h e  coupled 
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system. The v e c t o r s  of t h e  degrees  of freedom ( x ) ,  t h e  c o n t r o l  i n p u t s  ( v ) ,  
and the  aerodynamic gus t  components (8) are def ined  as: 

The equat ions  of motion f o r  t h e  coupled r o t o r  and wind-tunnel support  model 
then t ake  t h e  fo l lowing  form: 

! A2X + AIG + AOx = Bv + B g 
G 

To d e r i v e  t h e  coupled equa t ions ,  r e c a l l  t h e  r e s u l t s  f o r  t h e  r o t o r  equa- 
t i o n s  of motion and t h e  hub f o r c e s  and moments from s e c t i o n  2.6:  

I A2sR + A 2 + AOxR + A bl + 6 + a = Bv + B g 1 R  2 1 0 R G s  

F = C x + C l <  + C x + C2bl + C16 t C o a  + DGgs 
I 2 R  O R  

and t h e  r e s u l t s  f o r  t h e  suppor t  equat ions  and t h e  hub motion (from s e c t i o n  5) :  

a %  + a %  + a x  = b v s + b g + a F  
2 s  1 s  o s  G 

a = cxs 

The gus t  components i n  t h e  r o t o r  equat ions  are  transformed t o  t h e  tunne l  
(wind) axes  by t h e  s u b s t i t u t i o n  gs = RSTg. The coupled equat ions  of motion 
are obta ined  by s u b s t i t u t i n g  t h e  hub motion (a) i n t o  t h e  r o t o r  f o r c e s  and 
moments (F)  and then  s u b s t i t u t i n g  f o r  F i n t o  t h e  suppor t  equa t ions  of 
motion. The fo l lowing  c o e f f i c i e n t  ma t r i ces  f o r  t h e  complete system may then 
be  cons t ruc ted :  

A, = 

A1 = 

A. = 
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B ~ R ~ ~  

BG = [bG + h G R s J  

6 . 1  Rigid Control  System 

Frequent ly ,  t h e  r o t o r  is  modeled as having a r i g i d  c o n t r o l  system. This 
o p t i o n  r e q u i r e s  some r e s t r u c t u r i n g  of t h e  equa t ions  of motion, f o r  t h e  r o t o r  
equa t ions  have been de r ived  assuming t h a t  t h e  b l a d e  r i g i d  p i t c h  degrees  of 
freedom are p r e s e n t  i n  t h e  model and t h a t  t h e  b l ade  p i t c h  c o n t r o l  i n p u t s  e n t e r  
through t h e s e  deg rees  of freedom. A r i g i d  c o n t r o l  system i s  t h e  l i m i t  of  
i n f i n i t e  c o n t r o l  system and b l ade  t o r s i o n a l  s t i f f n e s s .  Thus t h e  r o t o r  b l a d e  
e las t ic  t o r s i o n  motion i s  ze ro ,  and t h e  s o l u t i o n  of t h e  r i g i d  p i t c h  equa t ion  
of motion reduces t o  

o r ,  i n  t h e  n o n r o t a t i n g  frame, 

( t h e  r e s u l t  f o r  N # 3 i s  s i m i l a r ) .  The b l ade  p i t c h  motion i n  t h i s  l i m i t  
c o n s i s t s  of the c o n t r o l  i n p u t  €)‘On, feedback of t h e  bending and gimbal motion 
due t o  t h e  kinematic  coupl ing,  and a p i t c h  change due t o  t h e  azimuth per turba-  
t i o n  wi th  a f i x e d  swashplate .  Thus i t  i s  f i r s t  necessary t o  account f o r  t h e  
p i t ch /bend ing ,  p i t ch /g imba l ,  and p i t ch /az imuth  coupl ing,  which r e q u i r e s  only 
o p e r a t i o n s  on t h e  columns of 
t h e  c o n t r o l  ma t r ix  B is  r econs t ruc t ed  from t h e  r i g i d  p i t c h  columns of A. 
s i n c e  t h e  b l a d e  p i t c h  motion becomes a c o n t r o l  v a r i a b l e  r a t h e r  t han  a degree 
of freedom. F i n a l l y ,  t h e  equa t ions  of motion f o r  t h e  r i g i d  p i t c h  degrees  of 
freedom may b e  dropped from t h e  system. 

A. ( a s  i n d i c a t e d  by t h e  above equa t ions ) .  Next 

6.2 Q u a s i s t a t i c  Approximation 

A q u a s i s t a t i c  approximation is  o f t e n  used i n  r o t o r  dynamics t o  reduce t h e  
o r d e r  of t h e  system. I n  t h e  p r e s e n t  a n a l y s i s  of t h e  r o t o r  i n  a wind t u n n e l ,  
t h e  q u a s i s t a t i c  o p t i o n  i s  a p p l i c a b l e  t o  t h e  inf low dynamics and sometimes t o  
t h e  b l a d e  p i t c h / t o r s i o n  degrees  of freedom. L e t  us assume t h a t  t h e  equa t ions  
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of motion have been reordered s o  t h a t  t h e  q u a s i s t a t i c  v a r i a b l e s  (x,) appear 
l as t  i n  t h e  s t a t e  vec to r :  

The q u a s i s t a t i c  approximation c o n s i s t s  of neg lec t ing  t h e  a c c e l e r a t i o n  and 
v e l o c i t y  terms of  t h e  q u a s i s t a t i c  v a r i a b l e s .  Thus t h e  equat ions  of motion 
t a k e  t h e  form: 

Frequent ly ,  t he  x1 a c c e l e r a t i o n  and v e l o c i t y  t e r m s  i n  t h e  xo equat ions  
w i l l  a l s o  be neglec ted  (AB' = AY1 = 0 ) .  
longer  descr ibed  by d i f f e r e n t i a l  equat ions  but  r a t h e r  by l i n e a r  a l g e b r a i c  
equat ions .  The s o l u t i o n  f o r  xo t h e n  i s  simply 

The q u a s i s t a t i c  v a r i a b l e s  now are no 

x0 -- [ A ~ 0 ] - 1 [ B 0 ~ , 7  .- - -4, 0 1 '  X I  - A,, 01 x ~ ]  

S u b s t i t u t i n g  f o r  xo i n  the x1 equeat ia l is  o f  motion g ives  then t h e  reduced- 
o r d e r  equat ions  for t h e  q m s i s t a t i c  appioximation: 

= [B1 - Ako(A:o)-lBO]~ 

The q u a s i s t a t i c  approximation r e t a i n s  t h e  low-frequency dynamics of t h e  
v a r i a b l e s .  Whether t h a t  is  a s a t i s f a c t o r y  r e p r e s e n t a t i o n  of t h e  a e r o e l a s t i c  
behavior  should always be v e r i f i e d  by comparison wi th  t h e  r e s u l t s  of t h e  
h ighe r  o r d e r  model. 

xo 
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PART 11. AEROELASTIC ANALYSIS FOR A ROTORCRAFT I N  FLIGHT 

An a e r o e l a s t i c  a n a l y s i s  f o r  a gene ra l  two-rotor a i r c r a f t  i n  s t eady- s t a t e  
f l i g h t  is  now developed ( f i g .  1 3 ) .  The r o t o r c r a f t  t o  which t h e  a n a l y s i s  i s  
a p p l i c a b l e  i n c l u d e  s i n g l e  main-rotor and t a i l - r o t o r  h e l i c o p t e r s ,  tandem-rotor 
h e l i c o p t e r s ,  and side-by-side o r  t i l t i n g  propro tor  a i r c r a f t .  Sec t ion  7 
d e s c r i b e s  t h e  r o t o r c r a f t  con f igu ra t ion  considered.  I n  s e c t i o n  8 ,  t h e  equa- 
t i o n s  of motion f o r  t h e  h e l i c o p t e r  fu se l age  are der ived ,  i nc lud ing  both  r i g i d  
body and e l a s t i c  motions of t h e  a i r c r a f t .  The aerodynamic f o r c e s  of t h e  
a i r c r a f t  wing-body, h o r i z o n t a l  t a i l ,  and v e r t i c a l  t a i l  are included.  A s imple 
model f o r  r o t o r - f u s e l a g e - t a i l  aerodynamic i n t e r f e r e n c e  ( t r i m  and p e r t u r b a t i o n )  
is  developed. The r o t o r  model used i s  t h a t  developed i n  p a r t  I;  ex tens ions  
of t h e  model r equ i r ed  f o r  t h e  h e l i c o p t e r  i n  f l i .gh t  ( p r i n c i p a l l y  i n  t h e  inf low 
and t r ansmiss ion  models) are developed i n  s e c t i o n  9.  F i n a l l y ,  i n  s e c t i o n  10 ,  
t h e  r o t o r  and a i r c r a f t  body equat ions  are combined t o  c o n s t r u c t  t h e  equat ions  
of motion f o r  t h e  coupled system. The a n a l y s i s  f o r  t h e  side-by-side o r  t i l t-  
i n g  p ropro to r  conf igu ra t ion  i s  s i m p l i f i e d  i f  complete l a t e ra l .  symmetry is  
assumed i n  both  t h e  a i r c r a f t  and the  f l i g h t  s ta te .  I n  t h a t  ca se ,  t h e  longi-  
t u d i n a l  and l a t e ra l  motions s e p a r a t e ,  a l lowing t h e  s o l u t i o n  of two lower o rde r  
problems. 

7. ROTORCRAFT CONFIGURATION 

The r o t o r c r a f t  con f igu ra t ion  f e a t u r e s  t h a t  have a rr,ajor r o l e  i n  t h e  
dynamic behavior  are t h e  a i r c r a f t  v e l o c i t y  and o r i e n t a t i o n  and t h e  p o s i t i o n  
and o r i e n t a t i o n  of t h e  r o t o r s .  The a i r c r a f t  f l i g h t  pa th  i s  u s u a l l y  s p e c i f i e d ,  
and by a t r i m  c a l c u l a t i o n  i n  which zero n e t  fo rce  and moment on t h e  a i r c r a f t  
are achieved,  t h e  c o n t r o l  p o s i t i o n s  and a i r c r a f t  o r i e n t a t i o n  are  determined. 
The o r i e n t a t i o n  and p o s i t i o n  of t h e  r o t o r s  are  f ixed  geometr ic  parameters .  

7 . 1  O r i e n t a t i o n  

7.1 .1  Flight-path and trim EuZer angZes- The a i r c r a f t  f l i g h t  pa th  i s  
s p e c i f i e d  by t h e  v e l o c i t y  magnitude V and t h e  o r i e n t a t i o n  of t h e  v e l o c i t y  
v e c t o r  w i th  r e s p e c t  t o  e a r t h  axes .  
( p o s i t i v e  t o  t h e  r i g h t )  and a p i t c h  ang le  
climb and s i d e  v e l o c i t i e s  of t h e  a i r c r a f t  a re  
Vside = v s i n  $FP cos 6Fp. 
is s p e c i f i e d  by t h e  t r i m  Euler  ang le s ,  f i r s t  p i t c h  8FT ( p o s i t i v e  nose-up), 
t hen  r o l l  
f o r  t h e  coord ina te  systems - x p o s i t i v e  forward, y p o s i t i v e  t o  t h e  r i g h t ,  
and z p o s i t i v e  downward ( see  r e f .  15). Between t h e  e a r t h  axes  (E system) 
and t h e  v e l o c i t y  axes  (V system) are r o t a t i o n s  +Fp and 6Fp. Between t h e  e a r t h  
axes and t h e  body axes (F system) are r o t a t i o n s  OFT and $FT. Thus t h e  ro t a -  
t i o n  matrix between t h e  V system and t h e  F system i s  

The v e l o c i t y  v e c t o r  has  a yaw a n g l e  $Fp 
8Fp ( p o s i t i v e  upward). 

vclimb = V s i n  8Fp 
Thus t h e  
and 

The  a i r c r a f t  a t t i t u d e  wi th  r e s p e c t  t o  e a r t h  axes  

$IFT ( p o s i t i v e  t o  t h e  r i g h t ) .  Ai rp lane  convention i s  followed h e r e  
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- 
2 c, C 
'FT FP JIFP 

+ FT FP 

s s c, C 
'FT ~ F T  FP JIFP 

+ c  c, s 
OFT FP JIFP 

-c s 
OFT JIFP 

C 
OFT FP JIFP 

- s  

The trim calculation determines the Euler angles 8FT and $FT (and, perhaps, 
the flight-path climb angle 8FP also). 

The velocity of the aircraft is 
+ 
V = VI so the components in the body V' axes are 

-?- -f 
The acceleration due to gravity is g = gkE or, in body axes, 

FT -sin e 
g = gkE -f = g(c0.s OFT sin L$..) 

FT cos e cos 4 FT 

7 .1 .2  
fied in the bod$ axes+relative to the aircraft center-of-gravity position, + - t 

matrix between the shaft axes ( S  system) and the aircraft body axes (F system): 

Rotor pos i t i on  and orhmtat ion-  The rotor hub position is speci- 

The rotor orientation is defined by a rotation r hub - (xlF + YjF + ZkF)hub' 

94 



The shaft axis components of the velocity seen by the rotor are then: 

1 The hub plane angle-of-attack and yaw angle may then be obtained from 

The sign of the lateral velocity p must be changed for a clockwise rotating 

rotor (section 3.5), and if the induced velocity is included, the inflow ratio 
is 

Y 

X = pz + Xi. 
For a helicopter main rotor, the orientation with respect to the body 

axes is specified by a shaft angle of attack 
and a roll angle $R (positive to the right). Thus, 

BR (positive for tilt forward) 

-C 0 

RSF 

The orientation of a tail rotor is specified by a cant angle $ (positive R 
upward) and a shaft angle of attack 9 (positive forward). The tail rotor R 
thrust is to the right for a counterclockwise rotating main rotor and to the 
left for clockwise rotation. Thus the definition of the tail-rotor shaft axes 
depends on the main rotor rotation direction. Let Rmr be +1 for a 

counterclockwise rotating main rotor -1 for clockwise rotation. Then the 
rotation matrix for the tail rotor is 

. .  
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The nacelle and rotor of a tilting proprotor aircraft can be tilted by an 
angle aP, where 
ci = 90" for edgewise flow (helicopter configuration). The rotor orientation 
is also described by a cant angle 
zero in airplane mode) and a pitch angle OR (positive nose upward), which is 
the angle of attack of the shaft with respect to the body axes when 
Thus the rotation matrix is 

= 0 for axial flow (airplane configuration), and "P 
P QR (positive outward in helicopter mode, 

ap = 0. 

- s $ 2 e  c s (1 - Cc i )Se  

- ( C 2 C a  + s p ,  - C4SciCe 1 - -sQs" c ~ s 2 e  - 'ace -c sace Q 

Q Q  

$ 0  a Q 

S (1 - Ca)Ce - S $ S a S e  

(C2C" + s p e  - C$SaSO 

c 2  + s2c 

-c s (1 - c ) 

0 0  Q Q U  

0 
-+ The rotor hub location rhub for the tilting proprotor aircraft is 

-+ defined by the pivot location rpivot and the mast height h, so that 

(C2C" + s p e  - CQSaS, 

- ( C 2 C  + S 2 ) S  c sace 

+ r hub = r  + pivot + h [ :QSQ(l - ] 
$ 0  

7.1 .3  Gust orientation- The aerodynamic gust components are defined with 
respect to the wind axes for the analysis of the rotorcraft in flight. The 
vector of gust velocity seen by the aircraft is 

where UG is positive downward, VG is positive from the right, and WG is 
positive upward. 
ponents in the body axes, gF. Hence the transformation gF = RFVg is 
required. The rotor aerodynamic forces were derived considering gust com- 
ponents in the shaft axes, gs. The substitution gs = k g ,  where 

The aircraft aerodynamic forces are derived for gust com- 
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into the equations of motion then transforms the gust components to the wind 
axes. 

7.2 Pilot Controls 

The control variables included in the rotorcraft model are collective 
and cyclic pitch of the two rotors, engine throttle et, and the aircraft 
controls (wing flaperon angle 6f, wing aileron angle 6,, elevator angle 6ey 
and rudder angle 6,). The control vector is thus: 

The pilot controls, however, consist of collective stick 6, (positive upward) , 
lateral cyclic stick 6, (positive to the right), longitudinal cyclic stick 
6 ,  (positive forward), pedal 6p (positive yaw right), and throttle lever 6t: 

A linear relationship between the control inputs of the pilot and the rotor 
and aircraft control variables is assumed: 

CFE~P + vo v = T  

where vo is the control input with all sticks centered (vp = O), and TCFE 
is a transformation matrix defined by the control-system geometry. This 
transformation is required to obtain the aircraft response to the control 
input of the pilot. In addition, it is the pilot controls that must be 
adjusted to trim the rotorcraft. (The control transformation matrices for the 
single main-rotor and tail-rotor helicopter, the tandem main-rotor helicopter, 
and the side-by-side or tilting proprotor configurations are given in 
appendix C.) 

7.3 Aircraft Trim 

The construction of the equations of motion for the rotorcraft dynamics 
must be preceded by a trim calculation, which determines the aircraft control 
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s e t t i n g s  and o r i e n t a t i o n  r equ i r ed  f o r  t h e  s p e c i f i e d  equ i l ib r ium f l i g h t  condi- 
t i o n s .  Equi l ibr ium f l i g h t  r e q u i r e s  t h a t  t h e  n e t  f o r c e  and moment on t h e  
a i r c r a f t  be zero ,  which g ives  s i x  equat ions  t o  sol-ve f o r  t h e  s i x  t r i m  vari- 
a b l e s ,  c o n s i s t i n g  of f o u r  p i l o t  c o n t r o l s  and t h e  two t r i m  Euler  ang le s  ( 1 3 ~ ,  
6,, A s ,  6,, eFT, and I$FT). This  procedure i s  f o r  l eve l  f l i g h t  (8Fp = 0) o r  
a s p e c i f i e d  climb v e l o c i t y .  I f ,  i n s t e a d ,  t h e  power a v a i l a b l e  i s  s p e c i f i e d ,  
such as f o r  power-off descen t ,  then  an  a d d i t i o n a l  t r i m  v a r i a b l e  ( f l i g h t - p a t h  
ang le  8Fp) and an  a d d i t i o n a l  equat ion  ( t h e  power r equ i r ed  equals  t h e  power 
a v a i l a b l e )  must be  inc luded  i n  t h e  t r i m  c a l c u l a t i o n .  

The ba lance  of f o r c e s  and moments about  t h e  a i r c r a f t  c e n t e r  of g r a v i t y  
and t h e  ba lance  of power g ive  t h e  t r i m  equa t ions .  The c o n t r i b u t i o n s  t o  t h e  
f o r c e s  and moments are  from a i r c r a f t  weight ,  a i r c r a f t  aerodynamic f o r c e s ,  and 
hub r e a c t i o n s  of t h e  two r o t o r s .  
moment, and power equa t ions  are 

I n  h e l i c o p t e r  c o e f f i c i e n t  form, t h e  f o r c e ,  
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+ (yN1b”)2 e) = (:) 
rotor 2 rotor power available @)rotor 1 (YN1bS1 1 

The components of the force and moment equations are obtained in the body 
axes (F system). Here W is the aircraft weight; and the hub reactions for 
rotor 2 are normalized using the parameters of that rotor, hence the factors 
accounting for the normalization of the coefficients. The aircraft aero- 
dynamic forces are acting on the wing-body (WB), horizontal tail (HT), and 
vertical tail (VT). Here L, D, and Y are, respectively, the aerodynamic 
lift, drag, and side forces; Mx, 3, and M, 
moments on the wing-body and q is the dynamic pressure. 

are the roll, pitch, and yaw 

A consideration of the aerodynamic interference between the rotors, wing, 
and tail is required to accurately calculate the trim state. A simple model 
for this interference is used here. The rotor-induced velocity, together 
with the aircraft velocity, is used to determine the angle of attack at the 
wing and tail. For the horizontal tail, the angle-of-attack change due to the 
wing wake is also included. The+rotor-induced velocity Xi is assumed to be 
directed along the rotor shaft (ks). 
velocity is used to account for the fraction of the aerodynamic surface within 
the wake and the fraction of the fully developed wake velocity achieved. A 
further multiplicative factor accounts for the decrease in the wake-induced 
velocity away from the wake boundaries (see, also, the discussion of the 
perturbation aerodynamic interference model, section 8.2). The angle-of-attack 
change at the horizontal tail due to the wing is calculated by 

A multiplicative factor on the induced 

0.45 C, 

is the wing lift coefficient; Sw, Rw, and cw are, respectively, where 
wing area, span, and chord; and llHT is the tail length (ref. 16). Alterna- 
tively, all the interference effects could be included in the wing-body, 
horizontal tail, and vertical tail.aerodynamic characteristics. 

CLWB 

The trim equations are nonlinear in the control variables, of course. 
Thus an iterative solution procedure is required in which the control variables 
are incremented in the direction to achieve zero net force and moment, based 
on a set of local partial derivatives obtained at the beginning of the trim 
calculation by making step changes in the individual control variables. The 
solution is considered to have converged to the desired trim state when the 
net force and moment are within a certain tolerance level. 

8. AIRCRAFT MODEL 

The aeroelastic motion of the rotorcraft airframe is described by a set 
of linear, constant coefficient differential equations, excited by the hub 
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reactions of the two rotors. Let xs be the vector of the aircraft degrees 
of freedom, vs the vector of the aircraft control variables, and gF the 
vector of the aerodynamic gust components. The equations of motion for the 
rotorcraft in flight are required in the following form: 

+ a iC a x + aOxs = bvs + bGgF + gF 
2 s  1 s  

and the hub motion is given by 

a = cx 
S 

Here F and a are as usual the rotor hub reactions and hub motion in the 
shaft axes ( S  system): 

F =  

- 
cT 

y.. 

2cH 
y.. 

2cY 
-y aa 
5 
aa 

2cM 

y.. 

cM 

-y - 7 z  

Y 

X 

- 

Y a =  

h 

'h 

'h 

X 

a 
X 

a 
Y 

a z 

(For convenience, only the terms for one rotor are shown, but, in fact, the 
interface between the aircraft and the rotor is required at both hubs. The 
parameters of rotor 1 are used to make quantities dimensionless and to 
normalize the aircraft equations of motion.) 

In this section, the aircraft equations of motion are constructed in the 
required form. 
body degrees of freedom and the elastic free-vibration modes. 
variables (v,) consist of the aircraft aerodynamic controls - flaperon, 
aileron, elevator, and rudder. An elementary model for rotor-wing-tail 
aerodynamic interference is also developed. 

The aircraft degrees of freedom (x,) consist of the six rigid- 
The input 

A body axis coordinate frame with its origin at the aircraft center of 
gravity (F system) is used to describe the motion. Airplane practice is fol- 
lowed for these axes - x forward, y to the right, and z downward (ref. 15). 
The coordinate frame used is not a principal axis system, however. Noreover, 
the airplane practice of aligning the 
followed since, for rotorcraft, the hover case (V = 0) must be considered. 

x axis with the trim velocity is not 
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Lateral symmetry of t h e  a i r c r a f t  i n e r t i a  and of t h e  aerodynamic s u r f a c e s  is  
assumed; t h e  l o c a t i o n  and o r i e n t a t i o n  of t h e  two r o t o r s  i s  e n t i r e l y  gene ra l ,  
however. 

8.1 A i r c r a f t  Motion 

8.1.1 Degrees of freedom- The l i n e a r  and angu la r  rigid-body motion of 
t h e  a i r c r a f t  i s  def ined  i n  t h e  body axes (F system). 
freedom are XF ( p o s i t i v e  forward) ,  YF ( p o s i t i v e  t o  t h e  r i g h t ) ,  and ZF 
( p o s i t i v e  downward). These v a r i a b l e s  are dimensionless  based on t h e  r o t o r  
r a d i u s  R. Thus t h e  v e l o c i t y  p e r t u r b a t i o n s  are normalized us ing  t h e  r o t o r  
t i p  speed RR r a t h e r  than  t h e  forward speed V as is  a i r p l a n e  practice.  
The angular  degrees  of freedom are t h e  Euler  ang le s  
BF ( p i t c h  nose-up), and Then t h e  l i n e a r  and angular  v e l o c i t y  
p e r t u r b a t i o n s  are 

The l i n e a r  degrees  of 

JIF (yaw t o  t h e  r i g h t ) ,  
OF ( r o l l  r i g h t ) .  

-+ + + u = %F~.F t + jTFjF + iFkF 

+ w = R (iFXF + QFJF + "IZF) 
F 

F e  
I 

where 

FT s i n  OFT cos  8 
-sin eFT 1 0 

COS OFT e 

t 
+ 

For t h e  e las t ic  motion of t h e  a i r c r 2 f t  i n  f l i g h t ,  t h e  displacement  u 
and r o t a t i o n  8 a t  an  a r b i t r a r y  po in t  r are expanded i n  series of t h e  
or thogonal  f r e e  v i b r a t i o n  modes: 

FT 1 0 - s i n  e 

e = [ 0  0 - s i n  OFT cos  0 FT cos e FT 

R COS OFT sin OFT 'Os 'FT] 

m 

I 00 

The f i r s t  s i x  degrees  of freedom are  t h e  r i g i d  body motions: 

are, r e s p e c t i v e l y ,  O F ,  OF, $F, xF, yF, and zF. The gene ra l i zed  coord ina te s  
qsk f o r  k = 7 t o  00 are t h e  e l a s t i c  modes of t h e  a i r c r a f t .  Or thogonal i ty  
imp l i e s  t h a t  t h e  e las t ic  v i b r a t i o n  modes produce no n e t  displacement  of t h e  

q s l  . . ., qs6 
~ 

I , a i r c r a f t  c e n t e r  of g r a v i t y  o r  r o t a t i o n  of t h e  p r i n c i p a l  axes .  
i 
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For t h e  rigid-body motions,  t h e  mode shapes are simply 

8.1.2 Hub motion- The l i n e a r  and angular  motion a t  t h e  r o t o r  hub i n  t h e  
s h a f t  axes  (S system) i s  then  

o r  

- - 
X 

a 

a 

c 

RS$k . . .1 
a =  

= cx 
S 

The t o t a l  v z l o c i t y  of+a po in t  i s  t h e  s u m  of t h e  t r i m  and p e r t u r b a t i o n  
v e l o c i t i e s ,  3 = V + The r o t o r  equat ions  r e q u i r e  t h e  

v e l o c i t y  components a t  t h e  hub i n  an i n e r t i a l  frame, however (S system),  and 
the  Euler  a n g l e  r o t a t i o n s  between thT body and i n e r t i a l  axes  in t roduce  
p e r t u r b a t i o n s  of t h e  t r i m  v e l o c i t y  V. So t he  p e r t u r b a t i o n  v e l o c i t y  becomes 
$ - + +  -+ 
u = aFxV + 

{sk5k, i n  body axes.  

;Is Ck,  where, i n  t h e  S system, 
k 

z 

It follows t h a t  t h e  (;h,?h,ih) columns of t h e  r o t o r  ma t r i ces  A,  and El  
t r i b u t e  t o  t h e  (ax,ay,az)  columns of 
e x i s t i n g  terms due t o  t h e  r o t a t i o n  of t h e  i n e r t i a l  axes  r e l a t i v e  t o  t h e  
v e l o c i t y  components u and X ( see  t h e  ma t r i ces  i n  s e c t i o n  2 . 6 ) .  The r e s u l t  

con- - 
A, and E o ,  which e x a c t l y  cance l  t h e  
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I 

- 5 

is  t h a t  t h e  n e t  angu la r  hub motion columns of 
Euler  ang le s .  

A, and Co are  ze ro  f o r  t h e  

.. + - +  -+ 
Furthermore,  t h e  a c c e l e r a t i o n  is  u = UFX$ + qsk[k, where t h e  second 

term i s  t h e  i n e r t i a l  a c c e l e r a t i o n  due t o  t h e  r o t a t i o n  of t h e  t r i m  v e l o c i t y  
v e c t o r  by t h e  body axes  angu la r  v e l o c i t y .  The components of t h i s  a d d i t i o n a l  
a c c e l e r a t i o n  i n  t h e  s h a f t  axes  system are  

I n  summary, t h e  hub motion i s  c1 = cxs (where t h e  ma t r ix  c i s  given 
above) ,  w i th  two except ions .  F i r s t ,  f o r  t h e  Euler  ang le s ,  t h e  n e t  ( ~ % ~ , c 1 ~ , c 1 ~ )  
columns of t h e  r o t o r  matrices are ze ro  because of t h e  use  of body 
axes.  Second, i n  c1 t h e r e  a r e  a d d i t i o n a l  l i n e a r  a c c e l e r a t i o n  t e r m s  due t o  
t h e  Eu le r  ang le  v e l o c i t i e s ,  A i  = Cxs (where only  t h e  upper r igh thand  3x3 sub- 
ma t r ix  of C i s  nonzero) .  

N 

A, and Eo .. 

8.1.3 Equations of motion and hub forces- Following t h e  u s u a l  s t e p s  of 
a i r p l a n e  f l ight-dynamics ana lyses  ( r e f .  15) ,  t h e  rigid-body equa t ions  of motion 
are obta ined  by equa t ing  t h e  acgu la r  a2d l i n e a r  ?ccelera$ion t o  $he n e t  moments 
and f o r c e s  on t h e  a i r c r a f t :  I?+ = M and M ( ~ F  + ~ F x V )  = c F. I n  terms 
of t h e  body axes  degre-s  of  freedom then ,  i nc lud ing  t h e  g r a v i t a t i o n a l  f o r  , 
t h e  equa t ions  are  

0 

0 

0 

FT 0 cos e 

FT 

FT 

s i n  8 s i n  @ 

s i n  8 cos  @ 

FT FT 

FT FT 

-cos BFT cos  @ 

cos 8 s i n  @ FT 

Here M i s  t h e  a i r c r a f t  mass ( inc lud ing  t h e  r o t o r s )  and I ,  t h e  moment of 
i n e r t i a  ma t r ix :  
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= I = 0 since lateral symmetry is assumed). The equations are dimen- 

sionless and are normalized by dividing by the characteristic inertia (N/2)Ib 
(using the parameters of rotor 1). Thus M* = M/[(1/2)NIb/R2] and 
I* = 1/[(1/2)NIb]. Note that the gravitational constant g is also dimen- 
sionless based on the acceleration n2R. 

(Ixy yz 

T = c  

For the elastic degrees of freedom, since orthogonal free-vibration modes 
are used, the equations of motion are simply 

- 
0 1  

0 0  

2 0 

0 0  

0 0  

0 0  - 

where Mk is the generalized mass, the normalized mass is 
ME = Mk/[(1/2)NIb/R2)], W k  is  the natural  frequency of the mode, and gs is 
the structural damping coefficient. 

There are two sources for the generalized forces : the rotor hub 
Q;: 

reactions and the aerodynamic forces on the aircraft. The generalized force 
due t$ t$e rotorjhub reytyn is 

(N/2)Ib gives then = ZF, where 

-+ 

Qk = [k(rlIub) Fhub + Yk(rhub) Mhub. I~OrmaliZing Qk by dividing by 

+ 
'k 

0 0 0 0 '  

- 1 0 0 0  

0 0  0 0 

0 0 0 - 1  

0 0  1 0  

0 - 2 0 0  

The aircraft aerodynamic forces are obtained in section 8.4. 
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8.2 Aerodynamic Inter€erence 

The interference between the rotor wake and the aircraft aerodynamic sur- 
faces (wing and tail) can be a factor in the dynamic behavior. A s  a simple 
model of this aerodynamic interference, it is assumed that there is a pertur- 
bation velocity at the wing, the horizontal tail, and the vertical tail, which 
is a linear combination of the perturbation induced velocities from the two 
rotors (A, and XR~). 1 
the interference velocities are then 

Including a first-order time lag, the equations for 

(QR) 2 
A - 

‘wiw + ’W - %lCWIARl + %2cw2 (QR)1 R2 

A time lag of T = !l/V is used, where V is the aircraft velocity and R 
is the distance between the aerodynamic surface and the dominant rotor. 

The first multiplicative factors (K) account for the maximum fraction of 
the aerodynamic surface affected by the wake and the fraction of the fully 
developed wake velocity achieved. K = 1.5 to 1.8 
(or 0 for no interference). The second multiplicative factors (C) account 
for the cosine of the angle between the wake axis and the normal to the 
aerodynamic surface, and the decrease in the wake-induced velocity away from 
the wake surface. The following expression is used: C = (cosine of angle 
between wake and surface)/(maximum of 1 and 1 + L), where L is the perpen- 
dicular distance from the aerodynamic surface to the nearest wake boundary 
( L <  0 

Typical values would be 

if the surface is inside the rotor wake cylinder). 

8 . 3  Aircraft Equations of Motion 

The equations of motion for the aircraft in flight may now be written: 
.. 
2 s  1 s  o s  Qrotor + Qaero a x  + a 2  + a x  = 

The vector of the aircraft degrees of freedom consists of the six angular and 
linear rigid-body motions, the generalized coordinates of the antisymmetric 
and symmetric elastic modes, and the aerodynamic interference velocities: 
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x =  
s 

OF ' 

e F  

+F 

F X 

YF 

F Z 

qs anti k 

qskSym 

W 
x 

V 
x 

i The generalized force due to one rotor is 
for one rotor is 
due to the Euler angle velocities given by 

Qrotor 7 ZF, and the hub motion 
There are additional linear acceleration terms a = cxs. 

A& = Zxs. 

The matrices c and E are defined in section 8.1.2; is given in 
section 8.1.3 (note that a can be obtained directly from c). The inertia, 
structural, and gravitation forces are included in the matrices of the equa- 
tions coefficients (appendix Dl). 

- 

8 .4  Aerodynamic Forces 

To complete the aircraft equations of motion, the aerodynamic forces 
acting on the wing-body, horizontal tail, and vertical tail are required. 
Helicopter airframe aerodynamics involves complex nonlinear phenomena, 
particularly significant aerodynamic interference such as between the tail and 
the rotor and fuselage. It is difficult to include such effects in any simple 
model. For best results, therefore, experimental data should be used as much 
as possible, but often such data are simply not available. 
expressions for the aerodynamic stability derivatives are required. 

Thus analytical 

The aerodynamic forces on the wing and tail are calculated by a strip 
The generalized force is obtained by integrating the section 

Three-dimensional 
theory analysis. 
lift and drag forces and the section moment along the span. 
effects are accounted for in the integrated aerodynamic characteristics used 
for the wing and tail. A body axis system is used, but with the x axis not 
aligned with the aircraft velocity vector. Otherwise, the analysis follows 
the usual derivation of airplane stability derivatives (see ref. 15). 
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Lateral symmetry is assumed for the aerodynamic forces. Specifically, 
it is assumed that the trim velocity and the center of action of the wing 
and tail are in the x-z plane. 
of the airframe are not coupled by the aerodynamic forces. 

Then the symmetric and the antisymmetric modes 

The aircraft motion consists of the rigid body and elastic degrees of 
freedom. Consistent with the strip theory analysis, the wing elastic motion 
is described by vertical and chordwise bending and torsion, including wing 
root motion due to the fuselage flexibility. For the kth symmetric or anti- 
symmetric mode of the airframe, the wing motion is thus described by vertical 
deflection zk(R) (positive upward), chordwise deflection xk(R) (positive 
aft), and torsion or pitch 8k(R) (positive nose-up), where R is the span- 
wise coordinate (% = 0 at the root, and R = +(1/2)R, at the wing tips). 
For symmetric modes, Xk, Zk, and 8k are nonzero at the root due to the 
fuselage motion (but 
and zk(0)  are nonzero, while 
fuselage motion gives a lateral reflection of the wing 
right). 

x;C(O) = z i ( 0 )  = 0). For antisymmetric modes, xk(0) 
Xk(0) = Zk(0) = ek(0) = 0; in addition, the 

yk (positive to the 

For the tail motion, only rigid linear and angular motion due to the 
fuselage flexibility is considered; bending and torsion of the tail surfaces 
are neglected. Thus the horizontal tail motion for symmetric modes is 
described by vertical deflection Zk (positive upward), longitudinal deflec- 
tion Xk (positive forward), and pitch 8k (positive nose-up). The vertical 
tail motion for antisymmetric modes consists of lateral deflection yk (posi- 
tive to the right), roll @k (positive roll right), and yaw +k (positive yaw 
right). 
tail motion in antisymmetric modes is just roll 

There is no vertical tail motion in symmetric modes; the horizontal 
& (positive roll right). 

The aircraft controls considered are wing flaperon deflection 6f and 
aileron deflection 
surfaces), horizontal tail elevator deflection &e, and vertical tail rudder 
deflection 6r. Aerodynamic forces due to the three gust components (in the 
F body axis system) are included. 

6, (symmetric and antisymmetric motion of the wing control 

The aerodynamic forces on the aircraft, required to complete the equa- 
tions of motion in section 8 . 3 ,  take the following form: 

- - -a2xs - alfts - aOxs + bvs + bGgF 
Qaero 

The vector of aircraft degrees of freedom 
The vector of the aircraft controls 
gF (in the F system) are 

xs is defined in section 8 . 3 .  
and the components of the gust vector vs 
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The matrices of t h e  aerodynamic c o e f f i c i e n t s  are  given i n  appendix D2. 
Expressions f o r  t h e  aerodynamic c o e f f i c i e n t s  r e q u i r e d  i n  t h e s e  matrices are 
given i n  appendix E. 

9. ROTOR MODEL DETAILS FOR THE FLIGHT CASE 

To t rea t  t h e  g e n e r a l  twin-rotor h e l i c o p t e r ,  a number of ex tens ions  of t h e  
r o t o r  model are r e q u i r e d ,  p r i n c i p a l l y  i n  t h e  models f o r  t h e  inf low dynamics 
and t h e  r o t o r  speed dynamics. Rotor-rotor  aerodynamic i n t e r f e r e n c e  i s  con- 
s i d e r e d ,  i n  both t h e  t r i m -  and per turbat ion-induced v e l o c i t i e s .  Ground e f f e c t  
i s  a l s o  included i n  t h e  inf low dynamics model. Pitch/mast-bending coupl ing i s  
introduced.  A t r ansmiss ion  and engine model f o r  two in t e rconnec ted  r o t o r s  is  
de r ived .  The d r i v e  t r a i n  dynamics are desc r ibed  by t h e  r o t o r  speed, i n t e r -  
connect s h a f t  t o r s i o n ,  and engine s h a f t  t o r s i o n  degrees  of freedom. The 
t h r o t t l e  c o n t r o l  v a r i a b l e  is  introduced.  F i n a l l y ,  a governor wi th  c o l l e c t i v e  
o r  t h r o t t l e  feedback of r o t o r  speed is  considered.  

9 . 1  Rotor-Rotor Aerodynamic I n t e r f e r e n c e  

With twin-rotor a i r c r a f t ,  i t  is necessa ry  t o  account f o r  t h e  r o t o r - r o t o r  
aerodynamic i n t e r f e r e n c e  i n  both t h e  t r i m -  and per turbat ion-induced veloc- 
i t i e s .  The model used expressed t h e  induced v e l o c i t y  a t  each r o t o r  as a 
l i n e a r  combination of t h e  i s o l a t e d  rotor-induced v e l o c i t i e s .  L e t  Ai and 
h i 2  be the  trim-induced v e l o c i t i e s  of t h e  two i s o l a t e d  r o t o r s  ( c a l c u l a t e d  
as desc r ibed  i n  s e c t i o n  2 . 3 . 3 ) .  Then t h e  t r i m  i n f low r a t i o s  are 

Here “12 and K21 are t h e  r o t o r - r o t o r  aerodynamic i n t e r f e r e n c e  f a c t o r s .  
Sepa ra t e  v a l u e s  are used f o r  t h e  i n t e r f e r e n c e  f a c t o r s  i n  hover and forward 
f l i g h t ,  w i t h  a l i n e a r  v a r i a t i o n  from p = 0.05 t o  0.10. 

S i m i l a r l y ,  t h e  r o t o r - r o t o r  i n t e r f e r e n c e  i s  included i n  t h e  uniform inf low 
p e r t u r b a t i o n .  R e c a l l  from s e c t i o n  2.5 t h a t  t h e  d i f f e r e n t i a l  equa t ion  f o r  t h e  
inf low dynamics of t h e  i s o l a t e d  r o t o r  i s  

Ti + x = (. 2) a e r o  aL 

where (ah/aL)-l = (2y/aa)(X / K ~  + &A:/K; + LI~/K:). With two r o t o r s ,  t h e  o h  
inf low p e r t u r b a t i o n s  a t  one i s  a combination of t h e  i n f l u e n c e  of both r o t o r s ;  
hence t h e  d i f f e r e n t i a l  equa t ions  become 
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The interference factors 
velocity. 

~ 1 2  and ~ 2 1  are the same as for the trim-induced 

For the side-by-side or tilting proprotor aircraft configurations, 
lateral symmetry gives 
h = pz + (1 + Ic)Xi. 
becomes 

~ 1 2  = ~~1 = K. Then the trim-induced velocity is 
The differential equation for the inflow perturbation 

for symmetric dynamics and 

for the antisymmetric dynamics of the aircraft. 

9.2 Ground Effect 

To account for the effect of the ground on the rotorcraft dynamics, it 
is necessary to correct the trim- and perturbation-induced velocities for 
the proximity of the ground plane. Based on reference 1 7 ,  an approximate 
expression for the ratio of the induced velocities in and out of ground effect 
is 

Here zeff = z/cos E ,  where z 
level, normalized by the rotor radius, and E is the angle between the ground 
and the rotor wake: 

is the altitude of the rotor hub above ground 

which thus accounts for the effect of forward speed. Note that ground effect 
is essentially negligible for altitudes greater than the rotor diameter, or 
at forward speeds This expression compares well with test 
results, down to an altitude of about 1/2 rotor radius (see ref. 17). The 
trim-induced velocity in ground effect (before incorporating the rotor-rotor 

p > 2(CT/2)l/'. 
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i n t e r f e r e n c e )  i s  thus  

1 = 1.1 + (1 - cos2 16z2E)1i  

z 

The e f f e c t  of t h e  ground on t h e  inf low dynamics i s  t o  add a p e r t u r b a t i o n  
due t o  changes i n  t h e  r o t o r  he igh t  above t h e  ground: 

where, aga in  based on t h e  r e s u l t s  i n  r e f e r e n c e  1 7 ,  

A cos2 E 
0 - a h  

a z  82 3 
- -  

(Actua l ly ,  t h e  ground-effect  t e r m  i s  added t o  t h e  equat ions  f o r  r o t o r s  1 and 
2 ,  i nc lud ing  t h e  r o t o r - r o t o r  i n t e r f e r e n c e  terms, as i n  s e c t i o n  9.1.)  The 
r o t o r  he igh t  p e r t u r b a t i o n  6z is due t o  t h e  r i g i d  body and e l a s t i c  degrees  
of freedom of t h e  a i r f rame.  The v e r t i c a l  component of t h e  displacement  a t  
t h e  r o t o r  hub g ives  

+ t -f 

62 = -k E (x h S  i + yhjS + zhzs) 

- - (Zhub cos e s i n  4 - 
FT FT 'hub 'Os 'FT 'Os 'FT)'F 

s i n  @FT)sin 0 + x cos 0 ]e + ( s i n  e > x  
+ [(zhub 'Os ' FT + 'hub FT hub FT F FT F 

00 
-+ + (-cos OFT s i n  4 )y  + (-cos e cos  4 ) z  + 5, k q 

k= 7 E 'k FT F FT FT F 

Since  31 /32  > 0, ground e f f e c t  i n t roduces  a p o s i t i v e  sp r ing  t o  t h e  r o t o r c r a f t  
he igh t  dynamics (ZF p e r t u r b a t i o n s ) .  A decrease  i n  t h e  r o t o r  he igh t  above t h e  
ground produces a decrease  i n  t h e  induced v e l o c i t y ,  hence a r o t o r  t h r u s t  
i n c r e a s e  t h a t  ac t s  as a s p r i n g  a g a i n s t  t h e  v e r t i c a l  he igh t  change. 

For t h e  side-by-side h e l i c o p t e r  conf igu ra t ion ,  t h e  ant isymmetr ic  dynamics 
e x h i b i t  an  u n s t a b l e  r o l l  o s c i l l a t i o n  due t o  i n t e r a c t i o n  of t h e  r o t o r  wake and 
t h e  ground. Such behavior  can be  included i n  t h e  ground e f f e c t  model der ived  
h e r e  by us ing  a nega t ive  v a l u e  f o r  81/32 ( a  nega t ive  r o l l  s p r i n g ) ,  which must 
be  obta ined  from experimental  da t a .  

9 . 3  Pitch/Mast-Bending Coupling 

F l e x i b i l i t y  between t h e  r o t o r  swashplate  and hub w i l l  produce a b lade  
p i t c h  change due t o  e l a s t i c  motion of t h e  airframe. This  coupl ing between 
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t h e  r o t o r  p i t c h  and t h e  mast-bending w i l l  be accounted f o r  by in t roduc ing  
kinematic  feedback terms of t h e  fo l lowing  form: 

i qS 

9.4 Transmission and Engine Dynamics Model 

The r o t o r  r o t a t i o n a l  speed degree of freedom can be an important  f a c t o r  
i n  t h e  r o t o r c r a f t  f l i g h t  dynamics. A model i s  r equ i r ed  which accounts  f o r  
t h e  coupl ing  of t h e  two r o t o r s  through t h e  f l e x i b l e  d r i v e  t r a i n ,  and f o r  t h e  
engine damping and i n e r t i a .  The t h r o t t l e  c o n t r o l  of engine to rque  must a l s o  
be  in t roduced .  F igure  14 (a )  i s  a schematic of t h e  t ransmission-engine model 
used f o r  t h e  s i n g l e  main-rotor and t a i l - r o t o r ,  and t h e  tandem main-rotor 
h e l i c o p t e r  conf igu ra t ions .  The two r o t o r s  are connected by a s h a f t ,  and t h e  
engine i s  geared t o  one r o t o r  ( r o t o r  1 i n  f i g .  1 4 ( a ) ) .  The t o r s i o n a l  f l e x i -  
b i l i t y  of t h e  d r i v e  t r a i n  i s  represented  by t h e  r o t o r  s h a f t  s p r i n g s  K M ~  and 

'<M2, t h e  in t e rconnec t  s h a f t  s p r i n g  KI ,  and t h e  engine s h a f t  s p r i n g  KE. The 

t ransmiss ion  gear  r a t i o s  are 
and rI1 and r12 ( r a t i o  of t h e  in t e rconnec t  s h a f t  speed t o  r o t o r  speed) .  
r11/r12 

r E  ( r a t i o  of t h e  engine speed t o  r o t o r  1 speed) ,  
Thus 

is  t h e  r a t i o  of t h e  t r i m  r o t a t i o n a l  speeds of r o t o r s  2 and 1. 

The.degrees.of freedom are t h e  r o t a t i o n a l  speed p e r t u r b a t i o n s  of t h e  two 
r o t o r s  ($sl and J ,  

azimuth p e r t u r b a t i o n  $e 
t o t a l  engine  speed p e r t u r b a t i o n  wi th  r e s p e c t  t o  space i s  

coupl ing of t h e  speeds of t h e  two r o t o r s  by t h e  d r i v e  system, i t  i s  more 
a p p r o p r i a t e  t o  use  t h e  degrees  of freedom: 

) and t h e  engine speed p e r t u r b a t i o n  ( ce ) .  The engine s h a f t  
5 2  

i s  def ined  r e l a t i v e  t o  r o t o r  1 r o t a f i o n ,  s o  t h e  
rE($sl  + $e) .  Wjth 

Here $1 
The degrees  of  freedom 
d r i v e  t r a i n  ( i n  t h e  in t e rconnec t  s h a f t  and engine s h a f t ,  r e s p e c t i v e l y )  and so 
r e p r e s e n t  high-frequency modes. The degree of freedom $, is t h e  r o t a t i o n a l  
speed p e r t u r b a t i o n  of t h e  d r i v e  system as  a whole - both r o t o r s ,  t h e  engine,  
and t h e  t ransmiss ion .  

is  t h e  d i f f e r e n t i a l  azimuth p e r t u r b a t i o n  between t h e  two r o t o r s .  
$1 and $e t h e r e f o r e  involve e l a s t i c  t o r s i o n  i n  t h e  

The engine model i nc ludes  t h e  i n e r t i a ,  damping, and c o n t r o l  to rques :  
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Here 'E i s  the engine speed and QE is t h e  p e r t u r b a t i o n  t o r q u e  on t h e  
engine.  The engine  r o t a r y  i n e r t i a  i s  IE; QQ i s  t h e  engine  speed damping 
c o e f f i c i e n t ,  t h a t  is ,  t h e  torque  per  u n i t  speed change a t  cons t an t  t h r o t t l e  
s e t t i n g  (see s e c t i o n  2.4). The v a r i a b l e  e t  i s  t h e  engine t h r o t t l e  c o n t r o l  
p o s i t i o n  and Qt  i s  t h e  torque  app l i ed  due t o  a t h r o t t l e  change a t  c o n s t a n t  
speed : 

aQ Qt = 

ap - 1 engine  - -  

R =const  'E R =cons t  

Thus 
of  t h r o t t l e  p o s i t i o n  and engine  speed. 

Qt  and Qn can be  obta ined  from d a t a  on t h e  engine power as a f u n c t i o n  

The d i f f e r e n t i a l  equa t ions  of motion f o r  t h e  r o t o r  speed dynamics are  
obta ined  from equ i l ib r ium of t h e  to rques  on t h e  two r o t o r s  and t h e  engine.  
The r e s u l t i n g  equa t ions  f o r  J l S ,  $1, and Qe are  

r21*($ + 4,) + r:Q:(Ge + 6,) + K" J, - Ki12J,I = rEQ:Bt 
E E  e EM2 e 

where r2  K %i2 I2 I 

5 4 1 2  = S2 + 

r 2 K  E E r 11%2rI:I 

% I 2  = r i K E ( K M 2  + r2 1 2  K 1 ) + Km 

The s p r i n g  c o n s t a n t s  a re  normalized by d i v i d i n g  by (NIbn2)1; 1; = IE/-(NIb). 
An a l t e r n a t i v e  conf igu ra t ion  f o r  t h e  t r ansmiss ion  i s  wi th  t h e  engine  by 
r o t o r  2, i n s t e a d  of by r o t o r  1 as i n  f i g u r e  1 4 ( a ) .  The equa t ions  of motion 
f o r  t h a t  case are obta ined  simply by exchanging s u b s c r i p t s  1 and 2 i n  t h e  
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three equations above; note that the definitions of the degrees of freedom are 
then : 

+s = +s2 

The normalized damping and throttle coefficients may be written 
P 

and 
ap engine /set 

'EQt - 
rEQI: = - ~ 1 ~ ~ 3  

The approximate expression for Q* is discussed in section 2.4. 
52 

The side-by-side or tilting proprotor aircraft requires a different trans- 
mission and engine model due to the lateral symmetry assumed for these con- 
figurations. Figure 14(b) is a schematic of the model considered. The two 
rotors are connected by a cross-shaft, and there are two engines, one geaTed 
to each rotor. $s 
and the engine speed perturbation 
again). The equations of motion for Qs and Jle follow as above: 

The degrees of freedom are the rotor speed perturbation 
$e (defined relative to the rotor speed 

where 

riKE 2r :KI 

% + r& + 2riKI 
- - 

KEI 

- - %2r:KI 
%I % + 2r:KI 
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I 

For ant isymmetr ic  motion, $s is  t h e  d i f f e r e n t i a l  azimuth p e r t u r b a t i o n  between 
t h e  two r o t o r s ,  involv ing  t o r s i o n  i n  t h e  in t e rconnec t  s h a f t .  For symmetric 
motions,  t h e r e  is  no torque  on t h e  in t e rconnec t  s h a f t ,  so t h e  above equa t ions  
apply wi th  KI = 0 ( s o  KMR = 1 and KEI = KMI = 0 ) .  

The case of a r o t o r c r a f t  i n  a u t o r o t a t i o n  can be  t r e a t e d  wi th  t h i s  model 
by dropping t h e  $e degree  of freedom and dropping t h e  engine t e r m s  from t h e  
$, and $I 
disconnect  t h e  r o t o r s  from t h e  engine a t  ze ro  to rque ) .  The engine-out case 
(engine and r o t o r s  s t i l l  connected)  can be  handled by dropping t h e  engine  
damping t e r m .  The case of cons t an t  r o t o r  speed i s  modeled by simply dropping 
t h e  $ s ,  QI, and $e equa t ions  and degrees  of  freedom from t h e  system. Gener- 
a l l y ,  t h e  $I and $e degrees  of freedom are on ly  involved w i t h  high-frequency 
dynamics, and so i t  i s  u s u a l l y  s u f f i c i e n t  t o  cons ide r  t h e  q S  degree  of f r ee -  
dom f o r  f l i g h t  dynamics ana lyses .  

equat ions  ( h e l i c o p t e r s  u s u a l l y  have an overrunning c l u t c h  t o  

9.5 Rotor Speed Governor 

I 
When t h e  r o t o r  r o t a t i o n a l  speed p e r t u r b a t i o n  i s  inc luded  i n  t h e  f l i g h t  

dynamics a n a l y s i s ,  i t  i s  u s u a l l y  necessary  t o  a l s o  i n c l u d e  t h e  r o t o r  speed 
governor i n  t h e  model f o r  a c o n s i s t e n t  c a l c u l a t i o n  of t h e  a e r o e l a s t i c  
behavior .  The governor model considered is i n t e g r a l  and p r o p o r t i o n a l  feed- 
back of t h e  engine  speed t o  t h r o t t l e  and t o  t h e  c o l l e c t i v e  p i t c h  of r o t o r s  1 
and 2.  The c o n t r o l  equa t ions  a re  then  

Note t h a t  $s i s  t h e  r o t o r  speed e r r o r  and $s then  i s  t h e  i n t e g r a l  of t h e  
e r r o r .  S ince  t h e  governor dynamics are  neg lec t ed ,  t h i s  model does n o t  add 
degrees  of  freedom t o  t h e  a e r o e l a s t i c  a n a l y s i s .  

I 10. COUPLED ROTOR AND BODY MODEL 

The equat ions  of motion have been der ived  f o r  t h e  two r o t o r s  and f o r  t h e  
a i r c r a f t  body. Now t h e s e  equa t ions  may be combined t o  c o n s t r u c t  t h e  set  of  
l i n e a r  d i f f e r e n t i a l  equa t ions  t h a t  d e s c r i b e s  t h e  dynamics of t h e  complete 
r o t o r c r a f t  system. The equa t ions  of motion f o r  t h e  coupled model then  have 
t h e  fo l lowing  form: 

A22 + Ai; + A O X  = BV + B v + B g P P  G 
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Here x 
the vector of the individual control inputs, vp 
control inputs, and g is the aerodynamic gust vector (in velocity axes). 

is the vector of t h e  degrees of freedom for the e w e  system, v is 
is the vector of the pilot's 

F = c2% + clir + cox  + t2t i  + E l &  + t o a  + D g R R G s  

for rotors 1 and 2 (see part I; in particular, section 2.6). Recall that the 
vector of rotor degrees of freedom 
rigid pitch/elastic torsion, gimbal tilt, rotational speed, and inflow pertur- 
bation variables; the vector of the rotor controls VR consists of the blade 
pitch control inputs; and the aerodynamic gust vector g, is in the shaft 
axes for the rotor model: 

XR consists of the flap/lag bending, 

x =  R 

G 

G 

G 

U 

V 

W 
S 

As usual, a and F are, respectively, the hub motion and hub reaction in the 
shaft axes. 

The equation of motion and the hub motion expressions from the aircraft 
model (section 8) are 

.. + a 5 + aOxs = bv + bGgF + 2 a2Xs 1 s  S 

a = cx 
S 

where Abi 
vector in body axes by the Euler angular velocity (section 8.1.2). The air- 
craft degree-of-freedom vector xs consists of the rigid-body angular and 
linear variables, the antisymmetric and symmetric elastic free-vibration 
modes of the airframe, and the aerodynamic interference inflow variables; the 
vector of the control inputs 
surface deflections; and the aerodynamic gust vector is in the body axes 
for the aircraft model: 

is the linear acceleration due to the rotation of the velocity 

vs consists of the aircraft aerodynamic control- 
gF 
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x =  
S 

@F 

8F 

+F 

F X 

YF 

F z 

qs anti k 

qsksp 

W 
x 

lV 

Y v =  
S 

6f 

e 

a 

&r 

6 

6 

G U 

' g F =  [I] 
F 

The gust components for the rotorcraft model must be in velocity axes; 
hence substitutions g, = RGg and gF = R ~ v g  are required in the rotor and 
body equations (see section 7.1.3). The transmission and engine model (sec- 

by the coupled degr$es of freedom 
degree of freedom Jle, and adds the engine throttle control 0, to the model. 
The pilot controls vp = ( 6 0  6, 6, 6p 6t)T are related to the rotor- 
craft input vector v by a linear transformation v = TCFEVP (see sec- 
tion 7 . 2 ) .  Then the state vector x, control vector v, and aerodynamic gust 
vector g for the complete rotorcraft model are 

tion 9 . 4 )  replaces the individual rotor speed perturbations b, and +s2 
is and $1, introduces the engine speed 

X V 

x =  [ :j] , v = [  .31 , g =  ['[I W 
X V V S S 

The coupled equations of motion are obtained by substituting the hub motion 
into the rotor equations and hub reactions, and then the hub reactions into 
the body equations of motion. The resulting coefficient matrices f o r  the 
coupled system are 

116 



' G = [  B ~ R ~  ] 
bGRFV + zD,RG 

B = BTCFE 
P 

In constructing these matrices, it is necessary to skip the angular hub motion 
(ax, ay, az) columns of 
body axes are used for the aircraft motion (see section 8.1.2). Also, the 
linear hub motion (Xh, yh, Zh) columns of 
degrees of freedom, assuming that the rotor mass is already included in the 
aircraft gross weight and free-vibration generalized masses. 

5 

A0 and ZO for the Euler angles ( 4 ~ ,  OF, $F) since 
5 

C2 should be skipped for the body 

The rotorcraft equations of motion are normalized based on the parameters 
of rotor 1 (Q, R, N, It,, y, 0, etc.). 
are, however, based on the rotor 2 parameters. Therefore, it is necessary to 
multiply the coefficient matrices for the rotor 2 equations of motion and hub 
reactions by appropriate scale factors to account for the differences in nor- 
malization. The degrees of freedom and control variables for rotor 2 will 

The equations for rotor 2 as derived 
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still be normalized based on rotor 2 parameters. Most are angular variables 
anyway, hence inherently dimensionless. The components of the hub motion, 
hub reaction, and gust are based on rotor 1 parameters, however: the linear 
hub displacements ir, a are based on R1 not R2; the gust velocities are 
based on (QR)1 not (QR),; and the forces and moments in F are based on 
(NIbQ2/R) 1 Finally, the scale factors for the 
rotor 2 equations must account for the time scale of the complete system, 
which is based on the trim rotation speed of rotor 1. 

and (NIbQ2) 1 , respectively. 

The equations for the rotor inflow dynamics are completed by accounting 
for the rotor-rotor aerodynamic interference (section 9.1) and the effect of 
the ground (section 9.2). The equations for the airframe-rotor aerodynamic 
interference variables (Aw, A H ,  Xv) are completed after constructing the 
coupled equations of motion. Note that this aerodynamic interference is the 
only coupling of the rotor and body not taking place through the rotor hub. 
Pitch/mast-bending coupling is accounted for by adding terms for the elastic 
airframe degrees of freedom (q k 2 7) in the rotor rigid pitch equations 
(section 9.3). The rotor speed governor model is added to the system as 
described in section 9.5. 
of freedom may be eliminated from the model by deleting the appropriate rows 
and columns from the coefficient matrices. 

Sk' 

Finally, the unused equations of motion and degrees 

10.1 Rigid Control System 

A rigid control system model may be used for either or both rotors. In 
the limit of infinite control system stiffness, the equations of motion for 
the rotor rigid pitch degrees of freedom reduce to the algebraic relations: 

I (the result for the number of blades N f 3 is similar). On the basis of 
this equation, the matrices A, and B are reconstructed as outlined in sec- 
tion 6.1. 

10.2 Quasistatic Approximation 

It is frequently possible to reduce the order of the system of equations 
describing the rotorcraft dynamics by considering a quasistatic approximation 
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for certain of the degrees of freedom. In the present analysis of the rotor- 
craft in flight, the quasistatic approximation is applicable to the inflow 
dynamics of either or both rotors, to the rotor-body aerodynamic interference 
variables, to the rigid pitch/elastic torsion degrees of freedom of either or 
both rotors, to all the degrees of freedom for rotor 1, rotor 2, or both 
rotors, or even to all degrees of freedom except the six rigid-body motions 
of the aircraft. The reduction of the model by eliminating the quasistatic 
variables is described in section 6.2. 

The quasistatic rotor model is frequently useful, and often valid, in the 
analysis of rotorcraft flight dynamics. It is usually a satisfactory repre- 
sentation for the tail rotor and may also be satisfactory for the main rotor 
dynamics for such applications as low-rate stability and control augmentation 
system investigations. Generally, whether the quasistatic model is a satisfac- 
tory representation of the aeroelastic behavior must always be verified for a 
particular application of the analysis by comparison with the results of the 
higher order model. 

10.3 Side-by-Side or Tilting Proprotor Configuration 

The aeroelastic analysis for the side-by-side or tilting proprotor air- 
craft configuration requires special consideration. Assuming complete lateral 
symmetry of both the aircraft and the flight state, the symmetric and anti- 
symmetric motions are entirely decoupled. Thus the analysis involves the 
solution of two problems of half the order of the whole system. The motions 
of the left and right sides of the aircraft are then given by, respectively, 
the sum and difference of the symmetric and antisymmetric degrees of freedom. 

The symmetry of the flight state requires $ J ~ P  = 0 (no side velocity) 
and +FT = 0 (zero trim roll angle). The Lrim solution has automatically 
6, = 
and longitudinal force, and pitch moment) for three trim variables ( 6 0 ,  6,, 
and O F T ) .  
follows basically the steps outlined above for the general two-rotor helicop- 
ter. It is also necessary to obtain the equations of motion for one rotor, 
however, multiplying the hub reactions by a factor of 2 to account for both 
rotors of the aircraft (the renormalization for rotor 2 is not required since 
the two rotors are identical in this case). 

= +FT = 0, so it is only necessary to solve three equations (vertical 

The construction of the coupled differential equations of motion 

10.4 Two-Bladed Rotor Case 

The two-bladed rotor has special dynamic characteristics compared with 
the case of three or more blades. Generally, the dynamic behavior is described 
by periodic coefficient differential equations, so a Floquet analysis is 
required except for special cases (such as a shaft-fixed rotor in axial flow; 
see section 4 . 2 ) .  For helicopter flight dynamics, the main concern is with 
the low-frequency impedance of the rotor hub reaction response to shaft 
motion, control inputs, and gusts. 
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The impedance of a l i n e a r  t ime- invar ian t  (cons tan t  c o e f f i c i e n t )  dynamic 
system is  descr ibed  by a t r a n s f e r  func t ion  H(w): 

t h a t  relates t h e  magnitude and phase of t h e  inpu t  and output  a t  frequency w. 
The impl i ca t ion  of t h e  p e r i o d i c  c o e f f i c i e n t s  of t h e  two-bladed r o t o r  i s  t h a t  
such a t r a n s f e r  f u n c t i o n  r e l a t i o n  does no t  e x i s t ,  f o r  an  input  a t  f requency 
w gene ra l ly  produces a response a t  a l l  f r equenc ie s  w f nil, n = 0,  . . ., m. 

Then t h e  input-output  r e l a t i o n  t a k e s  t h e  form: 

The f l a p  o r  t e e t e r i n g  response of t h e  two-bladed r o t o r  i s  found t o  be  p r i m a r i l y  
a t  f r equenc ie s  w f Q. It fo l lows  t h a t  t h e  low-frequency f l a p  response  i s  a t  
_+Q, s o  t h e  low-frequency motion can be w r i t t e n :  

I B = B I C  cos $ + B l s  s i n  $ 

It i s  found t h a t  t h e  s o l u t i o n  f o r  t h e  
t o  t h a t  f o r  t h e  r o t o r  w i th  N 2 3 a t  low frequency. Furthermore,  i t  i s  found 
t h a t  t h e  average of t h e  c o e f f i c i e n t s  of t h e  hub r e a c t i o n s  a t  low frequency is  
t h e  same f o r  t h e  two-bladed r o t o r  as f o r  N 2 3. But whi le  t h i s  cons t an t  
c o e f f i c i e n t  r e s u l t  is  exact f o r  a r o t o r  w i th  t h r e e  o r  more b l ades  i n  hover ,  
due t o  t h e  r o t o r  i n e r t i a l  and aerodynamic axisymmetry, f o r  t h e  two-bladed 
r o t o r  t h e r e  r e a l l y  are p e r i o d i c  c o e f f i c i e n t s  i n  t h e  hub r e a c t i o n s .  Spec i f i -  
c a l l y ,  t h e r e  is a l a r g e  2 l r e v  v a r i a t i o n  of t h e  c o e f f i c i e n t s  even i n  hover due 
t o  t h e  r o t o r  asymmetry when N = 2.  

Blc and B l s  f l a p  motion i s  i d e n t i c a l  

D i f f i c u l t i e s  a l s o  arise wi th  t h e  q u a s i s t a t i c  approximation. A s  imple- 
mented i n  s e c t i o r 6 . 2 ,  t h e  v e l o c i t y  and a c c e l e r a t i o n  terms i n  an  equat ion  are 
dropped, reducing t h a t  equat ion  t o ’ a n  a l g e b r a i c  s u b s t i t u t i o n  r e l a t i o n  f o r  t h e  
q u a s i s t a t i c  v a r i a b l e .  For a r o t o r  w i th  t h r e e  o r  more b l ades ,  t h e  q u a s i s t a t i c  
approximation app l i ed  t o  t h e  equat ions  i n  t h e  nonro ta t ing  frame produces 
e x a c t l y  t h e  low-frequency response  of t h e  r o t o r .  Note t h a t  i t  i s  necessary  
t o  cons ider  both t h e  equat ions  even when only  l o n g i t u d i n a l  o r  
l a t e ra l  dynamics of t h e  h e l i c o p t e r  are involved,  f o r  t h e  Bls and vice versa. 
For t h e  two-bladed r o t o r ,  however, t h e  q u a s i s t a t i c  approximation does no t  g i v e  
t h e  low-frequency response because t h e  8 1  equat ion  is r e a l l y  i n  t h e  r o t a t i n g  
frame . 

Blc and Bls 

In  summary, t h e  two-bladed r o t o r  i s  indeed a s p e c i a l  case. F i r s t ,  t h e  
d e s c r i p t i o n  of t h e  dynamics is  unique, involv ing  t h e  t e e t e r i n g  degree  of 
freedom 61, which is  fundamentally i n  t h e  r o t a t i n g  frame, r a t h e r  than  t h e  
c y c l i c  degrees  of freedom Blc and 61s. The frequency response is  n o t  g iven  
by the  common t r a n s f e r  func t ion  r e l a t i o n  because t h e  system is  n o t  t i m e  
i n v a r i a n t .  The low-frequency f l a p  response does reduce t o  a t ip-path-plane 
r e p r e s e n t a t i o n ,  i d e n t i c a l  t o  t h e  r e s u l t  f o r  N 2 3; but  t h e  w = 0 l i m i t ,  
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which allows the 
case. 

61 = PIC cos J, + 61s sin $J representation, is a special 

Second, the equation of motion for the helicopter flight dynamics, while 
the same as for N 2 3 if the averaged coefficients are used, in fact involves 
large-amplitude periodic coefficients even for the low-frequency response of 
the hovering rotor. There is a 2/rev variation of the coefficients due to the 
lack of axisymmetry of the two-bladed rotor. For u = 1 (no flap hub spring), 
the effect is mainly on the helicopter pitch and roll damping and cross- 
coupling. 

Third, the quasistatic approximation as implemented here, when applied 

The source of the difficulty is the fact that the 61 equation 
to the two-bladed rotor, does not give the low-frequency response as it does 
for N 2 3. 
of motion is in the rotating frame still, so the 61 response to low-frequency 
inputs from the nonrotating frame is not at low-frequency also, but rather at 
llrev. 

The special characteristics of the two-bladed rotor dynamics pose a 
number of problems for the analysis of the aeroelastic behavior. 
it is necessary to use the Floquet analysis of the periodic coefficient equa- 
tions more often than for a rotor with three or more blades. 
not possible to use directly the constant coefficient approximation (sec- 
tion 3.2) for flight dynamics since that eliminates the coupling of the rotor 
and the shaft motion. The quasistatic rotor model is very useful for heli- 
copter flight dynamics investigations, for N = 2 as well as N 2 3. Some 
procedure other than that of section 6.2 is required, however, to obtain the 
quasistatic representation of the two-bladed rotor. The simplest procedure 
is to use an equivalent N 2 3 model for the rotor. Then the quasistatic 
approximation gives the desired low-frequency, constant-coefficient response 
of the actual two-bladed rotor. 
bladed gimballed rotor is a good choice for the equivalent model. 
mental parameters of the rotor (y, 6, etc.) must be maintained; hence the 
equivalent rotor will have a chord and mass distribution sealed by a factor 
2/Nequiv. 
two-bladed tail rotor. 

Generally, 

In fact, it is 

For the teetering rotor helicopter, a three- 
The funda- 

A frequent use of such an equivalent model would be to represent a 

The validity of these approximate analyses of the two-bladed rotor - the 
constant coefficient approximation and the equivalent rotor representation - 
must always be verified for a particular application, of course. While some 
useful range of validity may always be expected, eventually the periodic 
coefficients or high-frequency dynamics become important enough to require a 
more rigorous analysis. 
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11. CONCLUDING REMARKS 

~ 

11.1 Applications of the Analysis 

The aeroelastic analysis developed here has been applied in a number of 
investigations of rotorcraft dynamics, both to check the basic features of the 
analysis and to obtain information about the dynamic behavior of specific 
rotors and aircraft. References 18 and 21 present some results of these 
investigations. In reference 18, results are given for a number of classical 
problems of shaft-fixed rotor dynamics. The flapping frequency response to 
pitch control inputs is presented, including an examination of the influence 
of the rotor inflow dynamics for articulated and hingeless rotors. A root 
locus of the flapping stability of an articulated rotor in forward flight is 
given, including the influence of the periodic aerodynamic coefficients at 
high advance ratio. Thirdly, reference 18 presents flutter and divergence 
stability boundaries for an articulated rotor in hover. The influence of the 
offset between the center of gravity and the aerodynamic center, of the first 
bending mode, and of forward flight on the flutter boundary is examined. 

The rotor and wind-tunnel support aeroelastic analysis has been applied 
to several configurations. A number of calculations have been made of the 
ground resonance stability of articulated rotors on a test module, strut, and 
balance frame system; reference 18 presents typical results, including a 
comparison with an elementary stability criterion. Reference 19 gives the 
aeroelastic stability calculations for gimballed and hingeless proprotors on 
a cantilever wing. The proprotor and cantilever wing model has also been 
used in an investigation of optimal control designs for gust alleviation 
(ref. 20). Finally, reference 21 presents the predicted dynamic stability for 
a tilting proprotor aircraft in a wind tunnel, including the airframe, strut, 
and balance dynamics. 

The rotorcraft in flight aeroelastic analysis has been used in refer- 
ence 18 to calculate the flight dynamics of four representative helicopters: 
a small articulated rotor helicopter, a large articulated rotor helicopter, 
a soft-inplane hingeless rotor helicopter, and a tandem rotor helicopter. The 
results include an examination of the influence on the flight dynamics of the 
quasistatic rotor model, the rotor lag motion and other degrees of freedom, 
the rotor inflow dynamics, and coupled lateral and longitudinal aircraft 
motion. Finally, reference 21 presents the predicted dynamic characteristics 
of a tilting proprotor aircraft in flight, including trim conditions, flight 
dynamics, gust response, aeroelastic stability, and wing response to control 
inputs. 

11.2 Future Development 

An aeroelastic analysis for a rotorcraft in flight or in a wind tunnel 
has been developed, in which the dynamic behavior is described by a set of 
linear differential equations. From these equations, the dynamic stability, 
flight dynamics, and aeroelastic response of the system may be calculated, and 
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they form the basis for more extensive investigations such as automatic 
control-system design. It is not possible to anticipate all features that 
will be required to model future rotor designs, so it must be expected that 
new applications will often require further development of the model, some- 
times by minor extensions and sometimes by major ones. Thus, in addition to 
its current use in investigations of rotor dynamics, the present analysis also 
provides the basis for the continuing development of models for rotorcraft 
aeroelastic behavior. 
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APPENDIX A. ROTOR INERTIAL ANI) AERODYNAMIC COEFFICIENTS 

Al. ROTOR INERTIAL COEFFICIENTS 

The Inertial  c o e f f i c i e n t s  r equ i r ed  for t h e  r o t o r  equa t ions  of motion 
(see s e c t i o n  2.2)  are 

J 1  m d r / I b  
0 

1; :im d r / I b  

I1 r 2 m  d r / I b  

Z1 ;f rm d r / I b  

0 

o i  

( 5  i o  ( x  1 + z0z  + x l l )  

+ Si(rFA)[(6FA 3 - 'FA5)?8 

'3 

1 

.+ + lB (z 1 - xok - xIk) m d r  
0 

+ lB ( z o x  - xoz - xIk) m d r  

"( 'b I' rm Jr 0 ;fit ( z o x  - xok - xIk) 'dp d r  
+ -f 

+J: 1~ ?ii['6FA - (r - rFA) 6FA2 + r6G] dr 
1 

+ 'FA6FA3 'FA'G 
+ -.f: % 

-f + ZB (z 1 - xok - 
0 

I* = 
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r + Grn I ;; (zol - xok - xI$) 'dp d r  
0 

-b + 1 +I :i zBrnjr :i (zol - xok - xCk)'dp d r  
0 0 
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1 -sl ;rk {[(x, - xI)krm]' -t 

-+ -+ -+ + kB ( z o i  - xok - x z) m d r  I 

0 

- m(&FA1 
1 

+ ;;k(rFA) (&FA2', + &FAgkB) -+ jrFA r m  dr) 

1 

I* = (1 :k { [(x,;) ' J;' pm dp)' + [(x, - x,)Zrnr] ' 
qko I b  

"1 
I* = J d r / I b  

'k 'FA 

\m d r / I b  

1 -b -+ + iB ( z o i  - xo$ - x 2) m d r  I 

S* .. = LJl < - (-jxni)m t -f  d r  
'kqi I b  FA 

1 2  7 



SkSiIo(cos2 8 - s i n 2  8 ) d r  

1 1 

FA 
- I Lek - Sk(rFA)l [(kiJrpm dp 

r 

+ 8;' E 1  PP )5;]' d r }  
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+ t 1 qim d r  
' 0  B B S* 

1 
+ +  +I - [:i - r:;(rFA)] {-%kB (x 0 I + z 0 + ,,I) 

'FA 

+ (x I + zoZ) 1 - r (x 1 + zoZ) t 

FA 
FA o 

FA r 0 

FA "FA 

- Kp 0 2 1  
i O ' 0  

where, f o r  elastic t o r s ion  (k 2 l), 
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and for rigid pitch (k = O)r, 
-+ -+ -+ 
X = - (z  1 - xok - xIk) 
0 0 

-+ -+ + (zoi - xok) I + (z  0 1 - xoz)’ ( r - r  FA 1 
FA r 

I A2. ROTOR AERODYNAMIC COEFFICIENTS 

The aerodynamic coefficients required for the rotor equations of motion 
(see section 2 . 3 )  are as follows. 
for axial flow, but are periodic functions of +m for nonaxial flow. The 

Recall that these coefficients are constant 

I coefficients for blade bending are 
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F 
M =I1 :k ($IB - ac qko 0 

M = I” :k (F lB - Fx zB)dr 

=(l :k (Fz fB - Fx ZB)r dr 

T T Z qk’ o 

M 
qks o T T 

M = ~ c o s $ M  qks qku 

M =[ :k (F z B  f - F x 

M = ( I  :k (FZ lB - F X 
qkx P P 

qkB 0 P P 

-+ 
M =I’ :k *(Fz lB - F zB)zB ni dr 

T X ‘kii o T +I1 ;tk (F z B  I 
0 P 

M = ’ cos JI m [j;:k 
‘kqi 

P 

+- - F X zB)fB qi dr 
P 

(Fz xB - F SB)zB 
- Fx ZB)lB -+ ni ’ dr] 

dr 
T X T 

P 
1 

’kPi o 
M =I : k -(F 



The aerodynamic coefficients for the flap moment are 
P l  

M -J F r dr 
Z ' O T  

1 
Me. =I FZ r2 dr 

O T  

M = LI cos $mMp 
5 

1 
MA =I, FZ r dr 

P 

P 

M = LI cos "MA 
B 

-f 
M. = (1 (FZTzB qi + FZ lB 

M = 1.1 cos $ 1' (Fz zB TI; + FZ lB :;)r dr 

dr 
qi 0 P 

Qi m o  T P 

-f 

M =[ F Sir dr 
0 Z pi 

The aerodynamic coefficients for the other hub forces and moments follow 
the pattern of the flap moment, with the following changes in the notation 
and integrands: 

Integrand Coefficient 

rF M 

rF Q 
H 

T 

Z 
Flap moment 

Torque 
X 

X 
Blade drag force F 

FZ 
Thrust 

1 The radial force coefficients are 
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R = IJ cos qmRr - u s i n  R -1 2 d r  
5 m u  

1 
RA @ d r  

1 
Rb =Jo % r d r  

r 
o p  

P r 

where 

T 0 r 

and gr and ir are s i m i l a r l y  def ined.  F i n a l l y ,  t h e  aerodynamic c o e f f i c i e n t s  

for t h e  b l ade  p i t c h  and t o r s i o n  are 
P 8 

M -f ['k"., - (F lB + F ZB) 3 ]dr 
T % z T X 

FA r 'k' 
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+I: tk $ (1 + 4 +)Y s i n  qrn s i n  8 sign(V) - C d r  

FA 

'kh 51: FA pkMap - (Fx P $ + '~3) '4.. 
F 1 + F %) %%]r d r  

"pki =l:FA [ikMap - ( X P B Z P 

+(: 5, $ (1 + 4 >)2uR cos 8 sign(V) - C d r  
C m FA 

M = u c o s $ M  
'kS Pkx 

C m FA r 

-1: 5 c2 (1 + 4 %)P s i n  $, cos 8 sign(V) - C d r  

+I1 [5kMa - (.. lB + FZ G) ".ab -t vi d r  

C m k 32 
FA 

1 + M =I [I M - (F, lB + FZ gB) 24% v i  d r  
'kii rFA aT T T 

P P P FA r 
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1 =I [C 
M - (Fx xB + F zB) 

8 Z 
M 

'k'i rFA a8 9 

where 

+ 
XA 0 = - (2 0 1 - XoZ) + )'B -t- (sFA3 - 6FAg)tB](r - rFA) 

+ + + I ( r - r  FA + ( z o i  - xok) I + ( z o i  - xoZ) ' 
FA r FA r 
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APPENDIX B. MATRICES OF ROTOR EQUATIONS OF MOTION 

B1.  INERTIAL MATRICES FOR ROTOR EQUATIONS 

The i n e r t i a l  matrices f o r  t h e  r o t o r  equat ions of motion i n  t h e  nonrotat- 
i n g  frame ( s e e  s e c t i o n  2.6.1) are given below. 
denot ing t h e  no rma l i za t ion  of t h e  i n e r t i a l  c o e f f i c i e n t s  has  been omit ted.  
i n e r t i a l  c o e f f i c i e n t s  are  de f ined  i n  appendix A I .  

For c l a r i t y ,  t h e  s u p e r s c r i p t  * 
The 
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B2. AERODYNAMIC MATRICES FOR ROTOR EQUATIONS IN AXIAL FLOW 

The aerodynamic matrices for the rotor equations of motion in axial flow 
(see section 2.6.2) are given below. 
in appendix A2. 

The aerodynamic coefficients are defined 
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63. AERODYNAMIC MATRICES FOR ROTOR EQUATIONS IN NONAXIAL FLOW 

The aerodynamic matrices for the rotor equations of motion in nonaxial 
flow (see section 2 . 6 . 3 )  are given below. Note that each matrix is a summa- 
tion over all the blades, that is, m = 1, ..., N. The notation C = cos Jlrn 
and S = sin $m is used in these matrices. The aerodynamic coe€ficients are 
defined in appendix A2.  
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B4. INERTIAL MATRICES FOR ROTOR WITH FOUR OR MORE BLADES 

The inertial  matrices for the  equations of motion of a rotor with four or 
more blades (see s e c t i o n  4 . 1 )  are given below. 
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B5. AERODYNAMIC MATRICES FOR ROTOR WITH FOUR OR MORE BLADES IN AXIAL =OW 

The aerodynamic matrices for the equations of motion of a rotor with four 
or more blades in axial flow (see section 4.1) are given below. 
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B6. INERTIAL MATRICES FOR TWO-BLADED ROTOR 

The inertial matrices for the two-bladed rotor equations of motion (see 
section 4 . 2 )  are given below. The notation C = cos $m and S = sin qm is 
used, where $m = J, + mn. 
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B7. AERODYNAMIC MATRICES FOR TWO-BLADED ROTOR 

The aerodynamic matrices for the two-bladed rotor equations of motion (see 
section 4 . 2 )  are given below. The notation C = cos Jlm and S = sin & is 
used, where Jlm = Jl + mr. 
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APPENDIX C. AIRCRAFT CONTROL TRANSFORMATION MATRICES 

The transformation matrices between the pilot controls and the individual 

The 
see section 7 . 2 )  are given below for the single main- CFE , rotor controls (T 

rotor and tail-rotor and the tandem main-rotor helicopter configurations. 
K values are gain factors in the control system, and the A$ values are 
swashplate azimuth lead angles. The main rotor or the front rotor is assumed 
to be rotor 1 and the tail rotor or rear rotor is rotor 2. The parameter fl 
here takes the value +1 for counterclockwise rotation of the rotor and -1 for 
clockwise rotation. 
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For the side-by-side or tilting propotor configurations, the lateral 
symmetry of the aircraft allows the control transformation to be separated 
into symmetric and antisymmetric matrices as follows. For a tilting 
propotor aircraft, the gain parameters (K) would generally be functions of 
the pylon tilt angle a . 

P 

Kt 

Kf 

- 

-K sin A$ 
S S 

-K COS A$ 
S S 
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K 

antisym 
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APPENDIX D. MATRICES OF AIRCRAFT EQUATIONS OF MOTION 

D1. INERTIAL MATRICES FOR AIRCRAFT EQUATIONS 

The Inertial matrices for the aircraft equations of motion are given 
below (see section 8.3). 
and the structural forces for the elastic body modes. 
the normalization of the parameters has been omitted for clarity. 

These matrices also include the gravitational forces 
Superscript * denoting 
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D2. AERODYNAMIC MATRICES FOR AIRCRAFT EQUATIONS 

The aerodynamic matrices for the aircraft equations of motion (see sec- 
tion 8 . 4 )  are given below. 
appendix E. 

The aerodynamic coefficients are defined in 

a2 = I 

207 
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Subscripts WB, HT, and VT refer to the wing-body, horizontal tail, and 
vertical tail, respectively. The components of the aircraft angular velocity 
introduce the following factors: 

qY = cos FT 

r = -sin OFT 
X 

FT r = sin oFT cos 8 
Y 

FT r = cos I$ cos 8 
Z FT 

The quantities x and z are the location of the aerodynamic surface center 
of action, in body axes (F system), relative to the aircraft center of 
gravity. are, 
respectively, the wing area, chord, and span; RI and !Lo are the inboard and 
outboard edges of the wing control surface; Qw and I$, are the wing sweep and 
dihedral angles (assumed to be small). The horizontal tail and vertical tail 
spans are 

The parameter A is the rotor area ( I T R ~ ) ;  Sw, cw, and Rw 

RH and RV, respectively. 

In airplane analyses, it is conventional to use coefficients based on 
the wing area Sw. 
there is no good reference area for the airframe aerodynamics. Thus, here 
the aerodynamic force characteristics are used in the form L/q, which have 
dimensions of length-squared (q is the dynamic pressure; the moment character- 
istics, M/q, have dimensions length-cubed). This form is appropriate for the 
analysis of a specific vehicle, where the scaling with velocity, but not with 
size, i e  of concern. The aerodynamic characteristics required for the wing- 
body description are the lift, drag, and pitching moment (L/q, D/q, and % / q ) ,  
and their derivatives with respect to angle of attack, flaperon deflection, 
and aileron deflection; and the side force, rolling moment, and yawing moment 
(Y/q, Nx/q, and N,/q) and their derivatives with respect to sideslip angle. 

are for the wing-body The rolling and yawing moment derivatives 

alone (no vertical tail contributions), and without the sweep and dihedral 
terms already included in C and C 

A rotorcraft usually does not have a wing and, generally, 

and N, 
Nxi3 f3 

The vertical and horizontal tail $9. $9 
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aerodynamic characteristics required are lift and drag and their derivatives 
with respect to angle of attack and control-surface deflection. 
for the velocity vector not being aligned with the x axis, the aerodynamic 
characteristics are required in the following combinations for the aerodynamic 
coefficients: 

To account 

1 
V 1 

D D L 

~ [ ( f  A 

1 [(> - t) cos2 $v - 2 - L sin2 9, - (: - - - :) sin 9, cos 4 

+ t) cos2 $v + 2 p sin2 9, + (f + t) sin 9, cos $v 

A 4 

[2 4 cos2 1 D L 
9, - (< - 4) sin2 9, - (2 - t) sin $v cos +v 

1 L D 
1 [2 2 cos2 $v + (: + t) sin2 +v - (f + t) sin 9, cos +v 
A q  

1 AR (+ cos M +v + 2 ; sin $I V 
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Here $v is  t h e  ang le  of a t t a c k  of t h e  r e fe rence  a x i s  system, so 

= tan-1 v /V 4v = tano1 Vz/Vx f o r  t h e  wing-body and h o r i z o n t a l  t a i l  and 4v Y X  

for t h e  vertical t a i l .  

d e r i v a t i v e  ac:/act. The fol lowing express ion  is  used (from r e f .  16) :  
The wing-induced v e l o c i t y  a t  t h e  h o r i z o n t a l  t a i l  is accounted f o r  by t h e  

where llHT is t h e  t a i l  

side-wash v e l o c i t i e s  a t  

(a% )0*735(Q /c 10.25 w w  HT w 

l e n g t h  and CL_, is  t h e  wing l i f t - c u r v e  s lope .  The 
U 

t h e  vertical t a i l  are given by aa /a6 ,  (V/z,)ao/ap, 
and (V/x ) a a / a r  f o r  s i d e s l i p ,  r o l l i n g ,  and yawing motion, r e s p e c t i v e l y .  
Typica l  va 9 ues  are aa/ag and (V/xv,)aa/ar near  zero  and (V/z,)aa/ap 
approximately 1 ( r e f .  15) .  

F i n a l l y ,  t h e  r equ i r ed  i n t e g r a l s  of t h e  wing bending and t o r s i o n  motion 
f o r  t h e  elastic degrees  of freedom are: 
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R 

W 

R 

'k f 'W dR xR-- k R /2 
W XR 

dR 

dR eZe = 1; z e - - k i R /2  'kee'w 
W 

dR 
e Xkei - 'keOxw 

W 
xe 

1 
dR 

e e8 = I 'k'i Rw/2 
0 

dL - RI 

dR - %I 

z k - -  Lw/2 'k'w Lw/2 

Xk W - 'k'w Rw/2 
RI 

The yk terms are absent for the symmetric modes; the integrals e ZR' 
e and egg are required only for antisymmetric modes. 
XR ' 
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Figure 2.- Geometry of undeformed blade. 
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J a 

(a) Shaft motion. 

T,- Q 

(b) Hub reactions. 

Figure 6.- Notation and sign conventions for linear and angular shaft motion 
(displacements in an inertial frame) and forces and moments acting on rotor 
hub (in nonrotating frame). 
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X \ 

Figure 8.- Geometry of undeformed blade. 



(a) Nonrotating frame. 

(b) Rotating frame. 

Figure 9.- Notation and sign conventions for gimbal motion 
and rotor speed perturbation. 
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Figure 12.- Schematic of blade root and control-system geometry for calculating 
the kinematic pitchlbending coupling. 
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